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ON CATEGORIES O FOR QUANTIZED SYMPLECTIC RESOLUTIONS 


IVAN LOSEV 

Abstract. In this paper we study categories O over quantizations of symplectic res¬ 
olutions admitting Hamiltonian tori actions with finitely many fixed points. In this 
generality, these categories were introduced by Braden, Licata, Proudfoot and Webster. 
We establish a family of standardly stratified structures (in the sense of the author and 
Webster) on these categories O. We use these structures to study shuffling functors 
of Braden, Licata, Proudfoot and Webster (called cross-walling functors in this paper). 
Most importantly, we prove that all cross-walling functors are derived equivalences that 
define an action of the Deligne groupoid of a suitable real hyperplane arrangement. 
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1. Introduction 

This paper continues the study of categories O over quantizations of symplectic reso¬ 
lutions started in |BLPW] . 

Our base held is C. Let X be a symplectic algebraic variety with form u. We assume 
that X is equipped with a -action that has the following two properties: 

• The algebra C[X] is hnitely generated. Furthermore, the weights of in C[X] 
are non-negative, and the zero weight component consists of scalars. 

• The torus rescales the symplectic form with a positive weight, i.e., there is an 
integer d> 0 such that t.u = for all t E . 

We say that X is a conical symplectic resolution (of Xq := Spec(C[X])) if a natural 
morphism X —)■ Xq is projective and birational. 

A classical example is as follows. Let G be a semisimple algebraic group, T C B G G 
be a maximal torus and a Borel subgroup. Set X := T*{G/B) and equip it with the 
-action by hberwise dilations. The corresponding variety Xq is the nilpotent cone in 
0 *, and the morphism X Xq is the Springer resolution. 

To A G we can assign a quantization, that is a sheaf of hltered 

algebras with giA^ — ^x and some additional conditions. So far 9 is just an element of 
notation. For example, in the case X = T* (G/B) , the sheaf is essentially the sheaf of 
A — p-twisted differential operators on G/B. 

Now suppose that on X we have a Hamiltonian action of a torus T with hnitely many 
hxed points. The action lifts to a Hamiltonian action on M®. A one-parameter subgroup 
u : —)■ T is said to be generic if the number of hxed points for u{C^) in X is 

hnite. The set of generic one-parameter subgroups in the complement in Hom(C^,T) to 
hnitely many hyperplanes (to be called walls). The connected components to the walls in 
Hom(C^,T) ® will be called chambers. 

Now hx a generic one-parameter subgroup i/ : —)■ T. Consider its attracting locus 

Y in X, i.e., the set of all a: G X such that the limit limi_j.ot.a: exists. Then Y is the 
lagrangian subvariety in X whose irreducible components are affine spaces labelled by X^. 
We dehne the category C>y(Al®) as the category of all coherent -modules supported on 

Y that admit a weakly z/(C^)-equivariant structure. This dehnition is equivalent to the 
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definition appearing in |BLPW[ Section 3.3]. In the case of X = T*{G/B), we recover a 
version of the classical Bernstein-Gelfand-Gelfand category O. 

One of the main results of |BLPWj is that the category 0,^{Ax) highest weight with 
simple objects labelled by X'^. For an order that is a part of a highest weight structure, 
one can take the usual (contraction) order on the hxed points produced from u. Being 
highest weight with respect to a given order means certain upper triangularity properties, 
just as in the BGG case. 

Our hrst result about the categories 0^{Ax) establishes more structure on them. Namely, 
take z/q lying in the closure of the chamber containing z/. Then z/q dehnes a pre-order 
on X^, by contraction of the irreducible components of This pre-order is rehned 

by We show. Theorem 16.21 that the category becomes standardly stratified 

in the sense of |LW] with respect to Roughly speaking, this means some additional 
upper-triangularity properties. 

The main result of this paper concerns certain derived functors introduced in |BLPW( 
Section 8.2] that relate categories Oi,{A^fi) and Oi,fiAx) with different generic 0 , 0 '. The 
functors were called shuffling in |BLPWj . but in this paper we call them cross-walling, 
because they are supposed to be Koszul dual to functors called wall-crossing in |BL] (and 
twistine in (BPWji. We show that the cross-walline: functor : D\OMl)) ^ 

D^{Oi,'{A^^)) is an equivalence of triangulated categories proving a conjecture of Braden, 
Licata, Proudfoot and Webster. Moreover, we show that the cross-walling functors dehne 
an action of the Deligne groupoid of the real hyperplane arrangement given by the walls 
in Hom(C^,T) ® on the categories D^{0?{A^fi)), see Section \T^ Recall that by the 
Deligne groupoid of a real hyperplane arrangement in one means the full subgroupoid 
in the fundamental groupoid of the hyperplane complement X whose objects are points in 
one per chamber. This establishes another conjecture of Braden, Licata, Proudfoot 
and Webster (there is a stronger version taking a Weyl group into account, see |BLPW 
Proposition 8.14]). We also show that both the long wall-crossing and the long cross- 
walling functors realize the Ringel duality, which implies |BLPW1 Gonjecture 8.24]. 

In order to prove these claims we examine an interplay between the cross-walling func¬ 
tors and the standardly stratihed structures. This interplay is of independent interest, 
it will be used in a subsequent paper to provide combinatorial recipes to determine the 
supports of the global sections of the irreducible objects in Oi^{Ax) when X 

is a Gieseker moduli space. 

The paper is organized as follows. In Section |2] we will recall some generalities on 
symplectic resolutions and their quantizations following |BPW] . In Section |3] we recall 
generalities of standardly stratihed categories mostly following |LW] . Section 0] deals with 
categories O of symplectic resolutions. Here we follow |BLPW] lL3] . These three sections 
basically contain no new results. In Section |5] we introduce a “parabolic induction”, one of 
the main tools to study the categories O. In particular, we apply the parabolic induction 
in Section [6] to introduce standardly stratihed structures on those categories. In Section 
[7] we study cross-walling functors proving all results about them mentioned before. In the 
appendix we discuss some analogies between our work and that of Maulik and Okounkov, 

[Ml] . 

Acknowledgements. I would like to thank Roman Bezrukavnikov and Andrei Ok¬ 
ounkov for numerous stimulating discussions. I am also grateful to Justin Hilburn and 
Nick Proudfoot for their comments on a preliminary version of this text. My work was 
partially supported by the NSF under Grant DMS-1161584. 
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2. Symplectic resolutions and their quantizations 

2.1. Conical symplectic resolutions and their deformations. Let Xq be a normal 
Poisson affine variety equipped with an action of such that the grading on C[Xo] is 
positive (meaning that the graded component C[Xo]i is zero when i < 0, and C[Xo]o = C) 
and there is a positive integer d such that {C[Xo]j, C[Xo]j} C C[Xo]j+j_d. By a symplectic 
resolution of singularities of Xq we mean a pair {X, p) of 

• a symplectic algebraic variety X (with form u) 

• a morphism p of Poisson varieties that is a projective resolution of singularities. 

Below we assume that {X, p) is a symplectic resolution of singularities. Besides, we will 
assume that (X, p) is conical meaning that the C^-action lifts to X in such a way that p 
is equivariant. This -action will be called contracting later on. 

Note that p* : C[Xo] —?• C[X] is an isomorphism because Xq is normal. By the Grauert- 
Riemenschneider theorem, we have Lf*(X, Ox) = 0 for i > 0. By results of Kaledin, |K2( 
Theorem 2.3], Xq has hnitely many symplectic leaves. 

Remark 2.1. Note that if Xg is an affine Poisson variety and its normalization Xq has 
hnitely many leaves, then so does Xg. It follows that any affine Poisson algebraic variety 
Xq admitting a symplectic resolution X has hnitely many leaves. 

We will be interested in deformations X/p, where p is a hnite dimensional vector space, 
and X is a symplectic scheme over p with symplectic form cD G G^(X/p) that specializes 
to u and also with a -action on X having the following properties: 

• the morphism X —p is -equivariant, 

• the restriction of the action to X coincides with the contracting action, 

• t.uj := 

It turns out that there is a universal such deformation X over p := H‘^{X, C) (any other 
deformation is obtained via the pull-back with respect to a linear map p —)■ p). Moreover, 
the deformation X is trivial in the category of C'°°-manifolds. This result is due to 
Namikawa, |Nam1 ( Lemmas 12,22, Proposition 13]. 

Now we are going to review some structural features of conical symplectic resolutions 
mostly due to Kaledin and Namikawa. 

First of all, let us point out that X has no odd cohomology, |BPW[ Proposition 2.5]. 

For A G p, let us write Xx for the corresponding hber of X ^ p. It turns out that, 
for A Zariski generic, X^ is affine and independent of the choice of a conical symplectic 
resolution X. This shows that the groups iL*(X, Z) are independent of the choice of X. 
Furthermore, if X, X' are two conical symplectic resolutions of X, then there are open 
subvarieties X° C X, X'° C X' with complements of codimension bigger than 1 that are 
isomorphic, see, e.g., |BPW( Proposition 2.19]. This allows to identify the Picard groups 
Pic(X) = Pic(X'). Moreover, the Chern class map dehnes an isomorphism C(8)zPic(X) 
H^{X,C). The isomorphisms C 0^ Pic(-^) ^ C 0^ Pic(X') H^[X',C) 

intertwine the identihcations Pic(X) = Pic(X'), iL^(X, C) = H‘^{X',C). Let pz be the 
image of Pic(X) in H‘^{X, C). 

Set pK := M 0z pi- There is a hnite group W acting on p® as a rehection group, such 
that the movable cone G of X (that does not depend on the choice of a resolution) is 
a fundamental chamber for W. We can partition C into the union of cones Ci,, Cm 
(with disjoint interiors) such that the possible conical symplectic resolutions of Xq are 
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in one-to-one correspondence with Ci,..., Cm in such a way that the cone corresponding 
to a resolution X' is its ample cone. Let Hi ,be the hyperplanes spanned by the 
codimension 1 faces of the cones Ci,..., Cm- Set 

(2.1) Hc-.= U 

l^i^k,wGW 

Then Xx is affine if and only if A ^ He- The results in this paragraph are due to 
Namikawa, |Nam2] . 

For 6 ^ He, we will write X® for the resolution corresponding to the ample cone 
containing hF6* fl C. Further, if w6 G C, we will choose a different identiheation of 
H‘^{X^, C) with p, one twisted by w (so that the ample cone actually contains 9). 

2.2. Quantizations. We will study quantizations of X, Xq, X. By a quantization of Xq, 
we mean a hltered algebra A together with an isomorphism gi A = C[Xo] of graded 
Poisson algebras. By a quantization of X = X®, we mean a sheaf A^ of hltered algebras 
in the conical topology on X (in this topology, “open” means Zariski open and -stable) 
that is complete and separated with respect to the hltration together with an isomorphism 
gv A^ = Oxo (of sheaves of graded Poisson algebras). A quantization A^ of the universal 
deformation X® is 

• a hltered sheaf of C[p]-algebras (with a complete and separated hltration), where 
the induced hltration on C[p] coincides with a natural one, where degp = d, 

• together with an isomorphism gi A^ —?■ Oxe of graded Poisson C[p]-algebras. 

Note that we can specialize a quantization A^ to a point in p getting a quantization of X. 

A result of Bezrukavnikov and Kaledin, |BK] . (with ramiheations given in |L2[ Section 
2 ]) shows that quantizations A^ are parameterized (up to an isomorphism) by the points 
in p. More precisely, there is a canonical quantization A^ of X^ such that the quantization 
of X^ corresponding to A G p is the specialization of A^ to A. The quantization A^ has the 
following important property: there is an anti-automorphism, ^ (to be called the parity 
anti-automorphism) that preserves the hltration, is the identity on the associated graded, 
preserves p* C P(a 1,^) and induces —1 on p*. It follows that A^_x isomorphic to {AxY^^- 
We set A := P(a1,^),AIa = F(Al^) so that Ax is the specialization of A to A. It follows 
from |BPW( Section 3.3] that the algebras A, Ax are independent from the choice of 9. 
From iP*(X®, Oxo) = 0, we deduce that the higher cohomology of both A^ and Ax vanish 
and also that M is a quantization of C[X] and Ax is a quantization of C[X] = C[Xo]. 
Also we note that Ax is the specialization of M at A and that A-x — Also we have 
Ax = Ayjx for all A G p,w G W, see |BPW( Section 3.3]. 

2.3. Localization and translation equivalences. Consider the category Coh(Al^) of 
coherent M^-modules and M-A-mod of hnitely generated M-A-modules. Recall that an 
M^-module M is called coherent if it can be equipped with a complete and separated 
M^-module hltration such that grM is coherent (such a hltration is called good). 

We have functors between these categories, the global section functor Fa : Coh(Al^) —)■ 
M-A-mod and its left adjoint, the localization functor Loca : M-A-mod —)• Coh(Al^),X ha 
Ax^jI^N. We can also consider their derived functors RFa : iA^(Coh(Al®)) —)■ Zi)^(AlA-mod) 
and LLoca : iA“(AlA-mod) —?■ iA“(Coh(Al^)). 
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We will need a partial answer to the question of when r>,,LocA are mutually quasi¬ 
inverse equivalences (in this case we will say that abelian localization holds for (A, 6)), see 
[BPWl Corollary 5.12], 

Lemma 2 . 2 . Let A G p and y G pz &e ample for . Then there is uq E Tj such that 
: Coh(.4,®_,_^^) 1=^ AlA+nx”^ocl: LocA+nx mutually quasi-inverse equivalences for 
all n ^ no. 

Let us proceed to translation equivalences. When y G pz, we have an equivalence 
Coh(AlA) = Coh(AlA+^). This equivalence is given by tensoring with the 
bimodule to be denoted by A{^^. This bimodule is a unique quantization of the line 
bundle C>(y) corresponding to y. Similarly, we can dehne the Af^-bimodule quantiz¬ 
ing the extension to X of the line bundle corresponding to y, |BPW1 Section 5.1]. Clearly, 
Ax,x specialization of A^^. 

We write global sections of Ax,x^A^^, respectively. For an affine 

subspace p C p, we set A^}^ := < 8 )c[p] C[p]). 

Lemma 2 . 3 . Suppose that H^{X^ C>(y)) = 0. Then A^^^ := ® Ca- 

The proof repeats that of |BL[ Lemma 5.4(1)]. 

Let us provide a sufficient condition on z for the algebras AIa+zx to be simple, to have 
hnite homological dimension and also for the localization theorem to hold. 

Lemma 2 . 4 . Let y he ample. Then the following is true. 

(1) There are finitely many elements zi,..., Zk E C such that Loca+zx equivalence 
provided Zi — z ^ Z^o for every i = 1,..., k- 

(2) For z ^ the algebra AIa+zx ts simple. 

(3) For a Zariski generic z ^ C, the algebra AIa+zx has finite homological dimension. 
This dimension does not exceed dimX. 

Proof. Let us prove (1). The localization holds for all parameters of the form A-|- (^-l-n)y 

(n\ /n\ 

with n G Z^so if and only if the bimodules = Al^^^|A+(z+n)x, Al^,-xU+h+n+i)x 

dehne mutually inverse Morita equivalences, see |BPW1 Section 5.3]. The set of 2 ; G C 
such that A^x+zxx mutually inverse Morita equivalences is Zariski 

open. The reason is that this set is precisely the locus {A -|- zy, 2 ; G C}, where the natural 
homomorphisms (given by multiplication) 

•^flx-x ®X+x -^^i+x-x •^^+x 

are isomorphisms. Together with Proposition 12.61 below, this proves (1). 

Let us prove (2): Ma+zx is simple for a Weil generic z. Equivalently, we need to show 
that the Ma+zx ® Al_A-zx"^aiodule Ma+zx is simple. By (1), abelian localization holds for 
the parameter (A -|- zx, —A -|- {—z)x) and the variety X^ x X^ when 2 ; is Weil generic. 
The module Ma+zx localizes to A^+zx- latter is simple because it is supported on the 
diagonal in X^ x X^ and has rank 1. This hnishes the proof of simplicity of Ma+zx for a 
Weil generic z. 

Let us proceed to (3). The algebra Ma+zx has homological dimension not exceeding 
dimW provided localization holds for (A-l-zy, 9) or for (A-l-zy, —9). Now our claim easily 
follows from ( 1 ) applied to both these situations. □ 
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We will also need the following general lemma whose proof is completely analogous to 
that of |BL1 Lemma 5.7]. 

Lemma 2 . 5 . Let I denote a one-dimensional vector space. Let^i be a filtered C[l]-algebra 
such that t has degree d and gr 21^ is commutative and finitely generated. Let Mi be a 
finitely generated ^i-module. Then there is an open subset (Z i such that C[£^] ®c[r] Mg 
is a free C[i^]-module. 

2.4. Harish-Chandra bimodules. Let us introduce the notion of a Harish-Chandra, 
shortly, HC bimodule. Let A, A! two Z^Q-filtered algebras. Suppose we have a hxed 
isomorphism gr.4, = gr.4,' of graded algebras. Further, suppose that A := gr.4, = gr.4,' 
is hnitely generated. Let B be an .4,'-.4,-bimodule. We say that B is HC if it is equipped 
with a bimodule hltration (called good) such that grH is a hnitely generated 4-module 
(meaning that the left and the right actions of A coincide). Note that a HC bimodule is 
automatically hnitely generated as a left and as a right module. 

An example is as follows: let A := Ax, A' := Ax+^ and B := 4^^^. Then B is HC, see 
[BPWl Section 6.3]. 

Below we will need a result about the supports of HC bimodules in the parameter 
spaces. Namely, suppose that p is a hnite dimensional vector space and let 4, be a hltered 
C[p]-algebra such that p has degree d > 0 and [4s:i,4<jj] C A<^i+j-d. Further, suppose 
that gr4/(p) is hnitely generated and the corresponding Poisson scheme Xq has hnitely 
many symplectic leaves. 

Now let H be a Harish-Chandra 4-bimodule. Dehne its right p-support Suppp(H) as 
the set of all p G p such that Cp 7 ^ 0. Similarly, we can dehne the p-support of giB 

(where the associated graded is taken with respect to a good hltration) to be denoted by 
Suppp(grH). The following proposition generalizes [BLl Proposition 5.15]. 

Proposition 2 . 6 . The subset Suppp(i3) C p is Zariski closed. The associated cone of 
Suppp(H) coincides with Suppp(grH). 

Proof. The proof generalizes that of |BL1 Proposition 5.15]. Namely, to B we can assign 
its associated variety V(H) C Xq dehned as the support of the hnitely generated C[Xo]- 
module grB/pgrB. It is easy to see that grB/pgrB is a Poisson module. 

Let us order the symplectic leaves of Xq: £ 1 , ...,£*, in such a way that £* C Cj implies 
i ^ j. We prove our claim by induction on k such that V(H) C lJi<fc base, k = 1, 

follows from the observation that Ci is a single point, in which case B is hnitely generated 
as a module over C[p]. 

Now suppose that we know our claim for all B' with X{B') C ^ with 

V(H)cUaA. 

Equip B with a good hltration and consider the Rees bimodule Bn- Pick x E Ck and 
consider the completion at x. It decomposes as B^"" = ®c[h]B_k, where is the 

homogenized Weyl algebra of the tangent space T^Ci that is embedded into 4^"“ (compare, 
for example, to m Section 5.4]) and Bj^ is the centralizer of in B^"^. By the choice 
of X and £*, we see that Bf^ is hnitely generated over C[[p, h]]. It follows that the right 
C[[p, h]]-support of Bf^ (that is the same as the support of B^"") is the closed subscheme 
of the formal neighborhood of 0 in p © C whose intersection with p coincides with the 
C[[p]]-support of (giB)'^^. We note that Bn comes with the Euler derivation hdn- This 
derivation extends to BPfi. We deduce that the support of BPfi is the formal neighborhood 
at 0 of a closed subvariety Z C p © C that is stable with respect to the C^-action on 
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p © C, t.{p, a) = (t‘^p, ta). Let Zi be the intersection of Z with p x {!}. Let us check that 
Zi C Suppp(S). Indeed, let z & Zi and D be the formal neighborhood of 0 in Cz. Then 
©c[[p,ft]] *C[-D] coincides with This implies Zi C Suppp(i3). 

Moreover, consider Zq = Z n {p x {0}). It coincides with the asymptotic cone of Zi, 
and the formal neighborhood of 0 in Zq is the support of 

Now let / be the annihilator of B^"^ in C[p, h]. The corresponding subvariety in p © C 
is Z. Let /i,/o be the specializations of / to h = 1, h = 0, respectively. Note that 
= 0. It follows that Y{BIi) C Suppp(i3/i) is a closed subvariety in 

p and its asymptotic cone is Suppp(gr(S/i)). Similarly to the proof of |BL1 Proposition 
5.15], we see that Suppp(i3) = Suppp(SJi) U Zi and Suppp(gri3) = Suppp(gr(i3/i)) U Zq. 
Our claim follows. □ 


3. Standardly stratified categories 

Here we recall the notion of a standardly stratihed category following |LW1 Section 
2 ] that is a rehnement of the hrst dehnition of a standardly stratihed category given in 

[CPS]. 

3.1. Definition. Let IK be a held. Let C be a K-linear abelian category equivalent to the 
category of hnite dimensional modules over a split unital associative hnite dimensional 
K-algebra. We will write T for an indexing set for the simple objects of C. Let us write 
L{t) for the simple object indexed by r G T and P{t) for the projective cover of L{t). 

The additional structure of a standardly stratihed category on C is a partial pre-order 
^ on T that should satisfy axioms (SS1),(SS2) to be explained below. Let us write S for 
the set of equivalence classes of this is a poset (with partial order again denoted by 
that comes with a natural surjection p : T -» S. The pre-order ^ dehnes a hltration 
on C by Serre subcategories indexed by S. Namely, to G S we assign the subcategory 
that is the Serre span of the simples L(r) with q{t) ^ Dehne C<^ analogously and 
let Q denote the quotient Let denote the quotient functor -» Q. Let us 

write Aj : Q —)■ for the left adjoint functor of vr^. Also we write grC for A 

for • grC —)■ C. Finally, for r G we write L^{t) for 7r^(L(r)), P^{t) for 

the projective cover of L^{t) in Q and A(r) for A^(Pg(r)). The object A(r) is called 
standard. The object A(r) := A^(L^(r)) is called proper standard. 

The axioms to be satished by (C, in order to give a standardly stratihed structure 
are as follows. 

(551) The functor A : grC —)■ C is exact. 

(552) The kernel of P{t) A(r) has a hltration with successive quotients A(r'), where 
r' > T. 

Note that (SSI) allows to identify A’o(grC) and Ko{C) by means of A. If (SS2) holds 
as well, then we also have the identihcation of A'o(grC-proj) and A'o(f^-proj). 

If all quotient categories Q are equivalent to Vect, then we recover the classical dehnition 
of a highest weight category. On the opposite end, if we take the trivial pre-order on T, 
then there is no additional structure. 

3.2. (Proper) standardly filtered objects. We say that an object in C is standardly 
filtered if it admits a hltration whose successive quotients are standard. The notion of a 
proper standardly hltered object is introduced in a similar fashion. The categories of the 
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standardly filtered objects and of the proper standardly filtered objects will be denoted 
by and C^. Note that (SSI) implies that C C^. 

Lemma 3.1. Suppose (SSI) holds. Let M he an object in such that all proper standard 
filtration subquotients are of the form A(r) with p(r) = f,. Then M = . 

Proof. From adjointness, we have a homomorphism Ag(7r^(M)) M. After applying vr^ 
this homomorphism becomes an isomorphism. Bnt all simples in the head of M are not 
killed by tt^. So A^(7r^(M)) ^ M. Since the classes of M and Aj(7r^(M)) in Kq coincide, 
we conclnde that this epimorphism is iso. □ 

Also note that in a standardly stratihed category the following hold: 

(3.1) Ext(:(A^(M), A^,(A)) ^ 0 ^ e' < e 

(3.2) Ex4(Ag(M), A^(A)) = Ext(,^(M, A). 

3.3. Subcategories and quotients. Suppose that C is standardly stratihed. 

Let So be a poset ideal in S. Let Chq denote the Serre span of the simples L(r) with 
q{t) G Hq. Then Cso is a standardly stratihed category with pre-order on % ;= p“^(Ho) 
restricted from H. Note that, for r ^ we have Asq{t) = A(r), Aho(t) = A(r), where 
the subscript Sq refers to the objects computed in 

The embedding admits a left adjoint functor to an object M G C'^, 

this functor assigns the maximal quotient lying in 

The following lemma will be of importance in the sequel. 

Lemma 3.2. The natural functor D~{Cso) ® faithful embedding. 

Proof. Let P, be a projective resolution (in C) of M G Chq- Then ih^P, is easily seen to 
be exact. So it is a projective resolution of M in Chq. It follows that for M,N E Chq, we 
have 

Ex4(M, N) = Ext(,^^ (M, N). 

This completes the proof. □ 

Now let be the quotient category C/C~q. Let ttsq denote the quotient functor 
C —)■ and let be its left adjoint. The category is standardly stratihed with 

pre-order on T° := T\ To restricted from T. For ^ G := S \ Hq we have A^ = ttsq o A^. 
Let us also point out that dehnes a full embedding (C“°)'^ ^ whose image 
coincides with the full subcategory consisting of all objects that admit a hltration 

with successive quotients A(r) with r G T°. This embedding sends A“0(r) to A(r), 
F^°(r) to P{t). 

3.4. Opposite category. Let C be a standardly stratihed category. It turns out that 
the opposite category 0°^^ is also standardly stratihed with the same pre-order see 
[LWl 1.2]. The standard and proper standard objects for are denoted by V(r) and 
V(r). When viewed as objects of C, they are called costandard and proper costandard. 
The right adjoint functor to vr^ will be denoted by and we write V for 0^V^. So 
we have V(r) = V(L^(r)) and V(r) = V(/^(r)), where I fir) is the injective envelope of 
Lg(r) in Cg. 

Let us write for the subcategories of costandardly hltered objects. We have the 

following standard lemma. 
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Lemma 3.3 (Lemma 2.4 in |LW] ). The following is true. 

(1) dimExt*(A(r), V(r')) = dim Ext*(A(r), V(r')) = 6ifl6r,T'- 

(2) For N e C, we have N e (resp., N G ) if and only i/Ext^(A(r), A) = 0 

(resp., Ext^(A(r), N) = Q) for all r. Similar characterizations hold for C^,C^. 

Let us also note the following fact. 

Lemma 3.4. Suppose (SSI) holds as well as the following weaker version of (SS2): P{t) 
admits an epimorphism onto A(r) and the kernel admits a filtration with guotient of the 
form Ag(Mj) for ^ > g^r) and G Q (unlike in (SS2) we do not reguire to be 
projective). Then C is standardly stratified if and only if the right adjoint of tt^ is 
exact for all f. 

Proof. It remains to show that if Vg is exact, then (SS2) holds. Set Sq := G ^ O- 
The object i-Sq{P{t)) is projective in if p(r) ^ f and is zero otherwise. Since has 
an exact right adjoint, the object Ti^{Lh^{P{T))) is projective. By Lemma IXTl the object 
A^(M) in (SS2') is the sum of A(r)’s. This completes the proof. □ 

3.5. Compatible standardly stratified structures. Now suppose that C is a highest 
weight category with set of simples T and partial order Consider a pre-order ^ on T 
rehned by meaning that r ^ r' implies r P t'. We say that ^ is standardly strati- 
hed if (C, P) is a standardly stratihed category. The corresponding standardly stratihed 
structure will be called compatible with the initial highest weight structure. Note that the 
corresponding associated graded category gr_< C carries a natural highest weight structure. 

The following lemma gives a criterium for ^ to be standardly stratihed. Namely, for 
a standardly stratihed object M and an equivalence class f for P dehne a standardly 
stratihed object M(^) as tt^ o where % := {'r|p(r) ^ is a poset ideal in T with 

respect to and lj-q '■ Cj-^ C is an inclusion. The object M(^) is standardly stratihed 
in Q. Similarly, for a costandardly hltered object N, we can dehne A(^) in a similar way 
(but we need to use the right adjoint instead of the left adjoint l^^). 

Lemma 3.5. The following are eguivalent: 

(1) The partial order P is standardly stratified. 

(2) For any projective P E C and any injective I eC, the objects P{f),I{f) E Q are 
projective and injective, respectively. 

Proof. If (1) holds, then (2) is just (SS2) for C and C°pp. Conversely, as we have seen 
in the proof of Lemma [3.41 the claim that J(^) are injective for all injectives I and all f 
implies (SSI). Now the claim about P(0’s implies (SS2). □ 

Conversely, let C be a standardly stratihed category with respect to a pre-order P. 
Suppose that each Q is highest weight with respect to an order for all ^ G S. Then 
C is highest weight with respect to the order ^ dehned as follows: r ^ r' if and only if 
either r -< r' or r ~ r' and r r' for ^ = p(t). 

4. Categories O 

4.1. Cartau subquotieut: algebra level. Here we dehne a suitable subquotient of an 
algebra equipped with a Hamiltonian C^-action. 
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Let A = Uigz t)e a filtered associative algebra (with a complete and separated filtra¬ 
tion) snch that C A^i+j-d for some d G Z>o. The algebra gr^ is commntative 

and we reqnire that it is hnitely generated. 

Snppose that A is eqnipped with a pro-rational Hamiltonian -action u that preserves 
the hltration. Let h & Ahe the image of 1 nnder the comoment map and let A^ denote 
the ith graded component so that A^ := {a|[/i, a] = ia]. We set := • = 

0.>o^*, C^{A) := A^^/{A^^ n Note that A^^ fl AA^^ is a two-sided ideal in 

A^^. We have a natnral isomorphism 

(4.1) C,(^) 

i>0 

The algebra C^{A) inherits a hltration from A. This hltration is complete and separated 
as any two-sided ideal in A^ is closed with respect to the topology indnced by the hltration, 
compare to m Lemma 2.4.4]. The algebra gr C^{A) is commutative and, being a quotient 
of (gr^)^T'")^ hnitely generated. 

Let us note that the dehnitions of A^^,A^^, Cy{A) make sense even if the action v is 
not Hamiltonian. 

4.2. Categories O: algebra level. Let A be as in Section 14.11 and assume that the 
hltration mentioned there is by By the category Oy{A) we mean the full subcategory 
of the category .4,-mod of the hnitely generated ^.-modules consisting of all modules such 
that A^^ acts locally nilpotently. We have the Verma module functor : Cy(4,) -mod —)■ 
Oy{A) given by A^{N) := A®jg,oN = {A/AA^^)®c A. Note that if h acts on N with 
eigenvalue a (so that A is a single generalized h-eigen-space), then h acts locally hnitely on 
Ay{N) with eigenvalues in a+lj^Q. The generalized eigenspace with eigenvalue a coincides 
with {A/AA>^Y^^"^ 0^0 A ='a (note that is identihed with {A/AA>Y''^^"^)- 

The module A^{N) has the maximal submodule that does not intersect A, the quotient 
is denoted by Ly{N). Note that Ly{N) is simple provided A is simple. Conversely, any 
simple object L in Oy{A) is of the form Ly{N) for a unique simple A G C,y(4.)-mod, this 
simple A coincides with the annihilator of A^^ in L. 

Assume now that dim C^{A) < oo. Let Ai,..., A^ be the full list of the simple C^{A)- 
modules. Let ai,...,^^ be the eigenvalues of h on these modules (note that h maps 
into the center of C^{A)). We dehne a partial order ^ on the set Ai, ..., A^ by setting 
Ni ^ Nj if ttj — tti & Z>o OT i = j. Using the order it is easy to prove the following. 

Lemma 4.1. Under the assumption dimCj,(4.) < oo, the following is true: 

(1) The modules Aj,(A) have finite length. 

(2) The simple LfiNi) appears in the composition series of A fiNi) with multiplicity 1 
and as a guotient. Further, if LfiNfi appears in the composition series of A fiNi), 
then Nj ^ A*. 

(3) All modules in Oi,{A) have finite length and all generalized eigen-spaces for h are 
finite dimensional. 

(4) The category Oi,{A) consists of all A-modules with locally nilpotent action of A^^, 
locally finite action of h and finite dimensional generalized eigen-spaces for h. 

Also an argument similar to that in |GGORl Section 2.4] implies that Oi,{A) has enough 
projectives. 

Now let us describe the opposite category. The opposite algebra 4.°^^ is also graded. 
Consider the category 0-,^{A°^Y- We have a natural identihcation C_y(4.°^^) = C,^{A)°^^. 
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For a module M E 0,y{A), we define its restricted dual M^*'> as 0 ^ M*, where stands 
for the generalized eigen-space for h with eigenvalue a. Note that M^*'> G by 

(4) of Lemma IFTI Similarly, for M' G 0-u{A°^^), we can form M'^*^ and this will be 
an object of Oy{A). The functors of taking the restricted dual define mutually inverse 
contravariant equivalences between Oy{A) and 0-y{A°^^). 

Using this equivalences one can introduce dual Verma modules Vy(iV) := G 

0^{A). Equivalently, Vj.(iV) = Homc^(^)(^/^^°^, iV) because the the space of Horn’s 
from any M G Oy{A) to the left and the right hand side of the previous equality coincide. 

4.3. Case of quantizations of symplectic resolutions. Now let X be a conical sym- 
plectic resolution of an affine variety Xq. Let Ax stand for the algebra of global sections 
of the hltered quantization .4,® of X corresponding to A G p := H‘^{X,C). Assume that 
we have a Hamiltonian action u of on X with finitely many fixed points that com¬ 
mutes with the contracting -action. This action lifts to a Hamiltonian action on a 
quantization and hence gives rise to a Hamiltonian action on Ax again denoted by u. 

The following results were obtained in [BLPWl Section 5]. 

Proposition 4 . 2 . Fix A° G p and pick x G p such that X^ is affine. Then, for a Zariski 
generic X E i := {A° -1- zx, z G C}, we have the following 

(1) The natural homomorphism Cy{Ax) r(Cj,(4,®)) = is an isomorphism. 

(2) The category 0,y{Ax) is highest weight, where the standard objects are co¬ 

standard objects are Xv{Ni), Ni G Irr(Cj,(4,A+^x))- order is given as explained 
before Lemma \4.1\ 

(3) A natural functor D^{Ov{Ax)) -E D’^{Ax-m.od) is a full embedding. 

The image of the embedding in (3) is the category (Aa -mod) of all complexes whose 
homology lie in Ou{Ax). 

We also have the category O on the level of sheaves. Following |BLPW|. Section 3.3], 
consider the category Ou{A^)f). It consists of all coherent 4,^-modules that come with a 
good filtration stable under h and that are supported on the contracting locus Y for v in 
X, i.e., Y := {x G X\ \\mt^oi'{t).x exists}. Note that F is a lagrangian subvariety. 

The translation equivalences preserve categories Oy and so do F and Loc, see jBLPW|. 
Lemma 3.17, Corollary 3.19]. 

Lemma 4 . 3 . A coherent A^^-module supported on Y lies in Oy{A^^) if and only if it can 
be made weakly u{C^)-eguivariant. 

Proof. We may assume that abelian localization holds for {X,6). Let Yq be the iz- 
contracting locus in Xq so that Y = p~^{Yq). For M G Coh(4,®), we have Supp(M) C Y 
if and only if Supp(F(M)) C Yq. So it is enough to check that a hnitely generated module 
Mq supported on Fq lies in Oy{Ax) if and only if it admits a weakly z/(C^)-equivariant 
structure. 

Suppose Mq G Oy{Ax). Then h acts locally hnitely on Mq. Pick any map ip : C ^ Z 
such that ip{z + 1) = ip{z) + 1. Then we dehne a grading on Mq by requiring that 
the generalized ^-eigenspace for h has degree (p{z). This gives a required weakly 
equivariant structure. 

Conversely, assume that Mq has a weakly i/(C’^)-equivariant structure. We can pick a 
i/(C’^)-equivariant good hltration on Mq. Since Supp(Mo) C Fq, we see that the weights 
of z/(C^) in Mq are bounded from above. It follows that A^^ acts locally nilpotently. So 
M E Oy{Ax). □ 
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Again, we assume that v is generic. Pick an ample class x ^ Pic(X). Using equivalences 
0^{Ax) ^ ^ C)^{Ax+nx) u 3> 0, we can carry the highest weight structure 

from Oy{A\+nx) However, we can use a different partial order getting the same 

collection of standard objects. Namely, for p G let Yp denote the contracting 

component oi p, Yp := {x E X\ limj^o = p}. Dehne the partial order Yiy on 
by taking the transitive closure of the relation p' Yp given by p' ^ p if and only if p' E Yp. 
Set Y^p := [jpi^pYpi, this is a closed lagrangian subvariety in X. Further, set 

OM{)<p ■■= {M E aK)l V(M) C Y^p}. 

Here, as usual, we write V(M) for the support of gr M in X, where the associated is taken 
with respect to a good hltration. It is dehned as the support of the coherent sheaf gr M 
for some choice of a good hltration on M. 

It turns out that 0^{Ax) ^ highest weight category with respect to this order. The 

standard objects are localizations of Verma modules LocA+nx(^i/(-^)) ^ ^u{Ax+nx) ~ 
0^{Ai), see |BLPW1 Section 5.3]. 

Below we will need to understand the structure of the category Ot,{Ax) ^^e case 
when X splits into the product X^ x of two conical symplectic resolutions. Both A 
and 9 are naturally pairs (A\ A^), (6^^, 9“^). 

Lemma 4.4. The functor K ^ 0^{Ai) defined byMMN^M®N 

is an equivalence of highest weight categories. 


Proof. Note that we have 

(4.2) dimExt^« (P'(pi) K P\p 2 ), L\p[) K L^ip',)) = 5,,oSp„pAp,,p,, 

where pj, p' E = 1, 2, and P*, L* stand for the projective and simple objects in the 

categories Oi,{Afi). Indeed, fl4.2p is clear for the categories on the level of algebras and on 
the level of sheaves follows from the localization argument. The objects L^(pj)IElL^(p 2 ) are 
the simples in 0^{A^). It follows that the objects P^(pi) KIP^(p 2 ) are the indecomposable 
projectives. □ 

4.4. Holonomic modules. In this section, we recall some results from |L3] . Let Xq 
be a Poisson variety with hnitely many symplectic leaves. Following |L3] . we say that a 
subvariety Yq C Xq is isotropic if its intersection with every leaf is isotropic in the leaf. 
For example, when Xq admits a symplectic resolution of singularities (X, p), then Yq C Xq 
is isotropic if and only if p“^(Xo) is isotropic, see |L3[ Lemma 5.1]. 

Now let X, Xq, ix be as in Section Let Yq C Xq be the contracting locus of u. Then 
p“^(Xo) = H. We conclude that Yq C Xq is isotropic. 

Let us proceed to holonomic AlA-modules. We say that a hnitely generated AlA-module 
is holonomic if its support in Xq is holonomic. In particular, any module in Oi,(Ax) is 
supported on Yq and so is holonomic. 

For holonomic modules, we have the following result, see |L3i Theorems 1.2,1.3]. 

Proposition 4.5. Let N be a holonomic Ax-module and X be its annihilator. Then 
GK-dimAx/X = 2 GK-dimX, where GK-dim stands for the G elf and-Kirillov dimension. 

We will need a consequence of this proposition and Lemma 12.41 


Corollary 4.6. Let A, y be as in Lemma 2.4. Then, for a Weil generic z and any nonzero 


holonomic Ax+zx''>^(^dule M, we have GK-dimM = |dimX. 
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Let us provide one more example of holonomic modules. Let B he a HC ^A-bimodule. 
Then it is a holonomic Ax 0 ^^^^-module (its support is the diagonal in Xq x Xq that is 
easily seen to be isotropic). 


5. Parabolic induction 

5.1. Hamiltonian actions and fixed point components. Suppose that we have a 
Hamiltonian action z/ of on X = X^ that commutes with the contracting action of 

. By the universality of the deformations, this action extends to both X^ and A^. Since 
H\)^{X) = 0, we see that the actions on X^,A^ are Hamiltonian as well. For the action 
on A^, this means, by dehnition, that there is a z/(C^)-invariant element h E A such that 
the derivation [h, •] of A^ coincides with the derivation induced by the -action. 

Proposition 5.1. The fixed point subvariety is a conieal symplectic resolution 

itself. 

Proof. The proof is in two steps. 

Step 1. Let us take an irredncible component Z of Assume for the time being 

that dimp(Z) = dimZ. Apply the Stein decomposition to the projective morphism 
Z —)■ p{Z): it factors throngh a birational morphism Z ^ Zq -.= Spec(C[Z]) and a hnite 
dominant morphism Zq —)■ p{Z). The morphism Z —)■ Zq is a symplectic resolution of 
singularities. It is conical because p{Z) is a closed C^-stable subvariety of Xq. So it is 
enough to check that indeed dimp(Z) = dimZ. 

Step 2. Pick a Zariski generic one-dimensional snbspace i G p. Consider the irredncible 
component Zg of ^ ^ containing Z, a one-dimensional smooth deformation of Z over i. 

So piZf) is an irredncible scheme over i. The hber over zero is p{Z). Bnt, over {0}, the 
map Zi —)■ p{Z£) is an iso. It follows that dim p{Z) = dim p{Z£) — 1 = dim Z£ — l = dim Z. 
This completes the proof. □ 

We also note that the irreducible components of X^^ ^ are in a natural bijection with 

those of 

5.2. Cartan subquotient: sheaf level. We start with a symplectic variety X equipped 

with a -action that rescales the symplectic form and also with a commnting Hamilton¬ 
ian action u. Of course, it still makes sense to speak about quantizations of X that are 
Hamiltonian for u. We want to constrnct a quantization C^{A^) of starting from 

a Hamiltonian quantization A^ of X. 

The variety X can be covered by (C^)^-stable open affine subvarieties. Pick such a 
subvariety X' with ^ 0. Dehne Ciy{A^){X') as C^{A^{X')). We remark that 

the open snbsets of the form form a base of the Zariski topology on 

The following proposition dehnes the sheaf CfiA^). 

Proposition 5.2. The following holds. 

(1) Suppose that the contraeting u-locus in X' is a complete intersection defined by ho¬ 
mogeneous (for z/(C^)j eguations of positive weight. Then the algebra Ci,(.4,^(X')) 
is a guantization o/C[X"^(‘^'')]. 

(2) There is a unigue sheaf CfiA^) in the conical topology on whose sections on 

with X' as above coincide with Ci,(.4,^(X')). This sheaf is a guantization 
of X<^"\ 



ON CATEGORIES O FOR QUANTIZED SYMPLECTIC RESOLUTIONS 


15 


(3) If X' is a -stable affine subvariety, then CfA^){X') = C,^{A^{X')). 

Proof. Let us prove (1). To simplify the notation, we write A for A^{X'). The algebra 
A is Noetherian because it is complete and separated with respect to a hltration whose 
associated graded is Noetherian. Let us show that gr(^^>‘^) = C[X']C[X']>°, this will 
complete the proof of (1). 

In the proof it is more convenient to deal with h-adically completed homogenized quan¬ 
tizations. Namely, let An stand for the h-adic completion of Rn{A). The claim that 
grAA^^ = C[X']C[X']>° is equivalent to the condition that AnAn,>o is h-saturated mean¬ 
ing that ha G AnAn,>o implies that a G AnAn,>o- 

Recall that we assume that there are z/-homogeneous elements f,..., fk G that 

form a regular sequence generating the ideal C[X']C[X']^°. We can lift those elements 
to homogeneous fi,...,fk G Ah,>o. We claim that these elements still generate AhAh,>o. 
Indeed, it is enough to check that Ah,>{) C Span_ 4 ^(/i, For a homogeneous element 

/ ^ -^^,>0 \ hAn we can find homogeneous elements gi,... ,gk such that / — 9ifi still 
has the same z/(C^)-weight and is divisible by h. Divide by h and repeat the argument. 
Since the h-adic topology is complete and separated, we see that / G Span_ 4 ^(/i, ..., fk). 
So it is enough to check that Span_ 4 ^(/i,..., fk) is h-saturated. 

Pick elements hi,... ,hk such that Yl’j=i^jfj is divisible by h. Let hj G C[X'] be 
congruent to hj modulo h so that Yl’j=i ^jfj — 0- Since f,..., fk form a regular sequence, 
we see that there are elements hij G C[X'] such that hj'j = —hjj/ and hj = hj^fe,. Lift 
the elements hjji to hjji G An with fijji = —hj'j. So we have hj = hjtfe+hli'j for some 
h'j G An- It follows that Y!]=i hfj = ^fj + T,j,e=i hefefj- But Ey^=i hJefj = 

J2j<e^ji[fi-: fj]- The bracket is divisible by h. But \[fe,fj] is still in ^^,>0 and so in 
Span_ 4 ^(/i,..., fk). This hnishes the proof of (1). 

Let us proceed to the proof of (2). Let us show that we can choose a covering of 
XPC-) by where X' is as in (1). This is easily reduced to the affine case. Here 

the existence of such a covering is deduced from the Luna slice theorem applied to a 
hxed point for u. In more detail, for a hxed point x, we can choose an open affine 
neighborhood U of a; in X//u{C^) with an etale morphism U —)■ Ta,X//z/(C^) such that 
n~^{U) = U XTa:X//u{c^) TxX, where vr stands for the quotient morphism for the action u. 
The subset 7r~^{U) then obviously satisfies the requirements in (1). 

It is easy to see that the algebras form a presheaf with respect to the 

covering (obviously, if X',X" satisfy our assumptions, then their intersection 

does). Since the subsets form a base of topology on it is enough to show 

that the algebras C,^{A^{X')) form a sheaf with respect to the covering. This is easily 
deduced from the two straightforward claims: 

• is complete and separated with respect to the hltration (here we use 
an easy claim that, being hnitely generated, the ideal A^{X')A^{X')^^ is closed). 

• The algebras gr C,^(^^(X')) = do form a sheaf - the structure sheaf 

For example, let us show that elements a* G C,y{A^{Xi)) such that the restrictions of Oi, Oj 
to CfA^{X[r\X'j)) agree glue to an element of Cy{A^{X')) (here X = IJX' is a covering). 
Let d be the common hltration degree of the elements a*. We can hnd a homogeneous 
element / G of degree d such that the degree d part of Oj is /|xp Lift / to an 
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element a G Ci,{A^{X')) and replace a* with a* — a. This reduces the degree by 1. Now we 
can use the descending induction on the degree (that makes sense because the hltrations 
involved are complete and separated). 

The proof of (2) is now complete. 

To prove (3) it is enough to assume that X is affine. Let vr denote the categorical 
quotient map X —)■ X//i/(C^). It is easy to see that, for every open (C^)^-stable affine 
subvariety X' that intersects non-trivially, and any point x G there is some 

C^-stable open affine subvariety Z C X// z/(C^) with x G 7i~^{Z) C X'. So we can assume, 
in addition, that all covering affine subsets X* are of the form 7r“^(?). Moreover, we can 
assume that they are all principal (and so are given by non-vanishing of i/(C^)-invariant 
and -semiinvariant elements of A^{X)). Then all algebras Cy{A^{X')) are obtained 
from Ci^{A^{X)) by microlocalization. By standard properties of microlocalization, the 
algebra Cy(M^)(X) is the only algebra with these properties. (3) follows. □ 

5.3. Comparison between algebra and sheaf levels. Now let us assume that X is a 
conical symplectic resolution of Xq. We write for the quantization of X corresponding 
to A and Ax for its algebra of global sections. By the construction, for any A G if^(X), 
there are a natural homomorphism Cy{A\) —)■ r(C,^(Al^)) as well as a natural homomor¬ 
phism Ct,(C[Xo]) —)■ r{Cy{Ox)) = Our goal in this section is to prove the 

following result. 

Proposition 5.3. For a Zariski generic A G p, the homomorphism C^{Ax) —)■ r(C,^(Al^)) 
is an isomorphism. 

In the proof we will need a lemma describing some properties of the natural morphism 
X-(CO ^ Spec(C,(C[Xo])). 

Lemma 5.4. The morphism —)■ Spec(Ci,(C[Xo])) is surjective and projective. Fur¬ 

ther, the scheme Spec(Cj^(C[Xo])) has finitely many symplectic leaves. 

Proof. Let Yq denote the contracting locus for the action of i/(C^) on Xq, we view Yq 
as a subscheme of Xq with the dehning ideal C[Xo]C[Xo]^° so that Spec(Ci,(C[Xo])) = 
Yo//i'{C^). The embedding Xq*-'^ ^Xo gives rise to the morphism Xq^*^ ^ Spec(Ci.(C[Xo])). 
The ideal of X^^'^ ^ in Yq contains all elements of positive degree with respect to v. There¬ 
fore the morphism Xg*-^ ^ —)■ Spec(Cj,(C[Xo])) is also an embedding. It is a bijection on 
the level of points, so Xg^*^ ^ = Spec(C,^(C[Xo]))red- On the other hand, the morphism 
Spec(Ci,(C[Xo])) we study is the composition of the surjective projective mor¬ 
phism p : —)■ Xg*-'^ ^ and the embedding Xg*-^ ^ ^ Spec(C,^(C[Xo])). It follows 

that —)■ Spec(Cj,(C[Xg])) is surjective and projective. 

We see that Spec(Cj,(C[Xo]))red admits a symplectic resolution (see Proposition 

15.ip so it has hnitely many leaves. □ 

Proof of Proposition 15.51 Recall that X denotes the universal deformation of X over p and 
Xq be its affinization. Consider the natural homomorphism Ci,(C[Xg]) —)■ It is 

an isomorphism outside of TLc (dehned by fl2.ip j since X ^ Xq is an isomorphism precisely 
outside that locus. Now consider the canonical quantization A^ of X. Similarly to the pre¬ 
vious section, CfiA^) is a quantization of The equality (P) = 0,z > 0, 

(that is a consequence of Proposition 15.ip implies that = 0,i > 0. It fol¬ 
lows that grr(Cy(M®)) = Also there is a natural epimorphism Cy(C[Xo]) ^ 








ON CATEGORIES O FOR QUANTIZED SYMPLECTIC RESOLUTIONS 


17 


giCi^i^A) and a natural homomorphism grCi^{A) —?• grr(Ci,(^®)). The resulting homo¬ 
morphism grC^{A) —)■ gr r(Cj,(yl,®)) is, on one hand, the associated graded of the homo¬ 
morphism C^{A) —?■ r(C,y(^®)) and on the other hand, an isomorphism over p \ Tic- We 
deduce_that the supports of the associated graded modules of the kernel and the cokernel 
of C^{A) —r(Ci,(>f^)) are supported on He as C[p]-modules. 

Now let us check that this kernel and the cokernel are HC bimodules over Ciy{A). 
For the kernel it is obvious. For the cokernel, we need to check that F(Cj,(^®)) is a 
HC C^(^)-bimodule. This will follow if we check that C[X'^(cx)] ^ [gr F(C^(^®))]/(p) is 
hnitely generated over [gr Cy(^)]/(p). The latter algebra is a quotient of Cj,(C[Xo]). Now 
the claim about the cokernel follows from Lemma I5.41 

Also thanks to Lemma 15.41 Spec(Ci,(C[Xo])) has hnitely many symplectic leaves. It 
follows that C^{A) satishes the assumptions of Proposition 12.61 Applying this propo¬ 
sition to the kernel and the cokernel above, we see that their supports in p are closed 
subvarieties whose asymptotic cones lie in He- So, for a Zariski generic parameter A, the 
homomorphism C^{A)\ F(Cj,(^®));, is an isomorphism. 

We note that F(Ci,(Al®)) is hat over p and the specialization at A coincides with 
F(C,^(Al^)), this is because is a symplectic resolution. Proposition 15.11 Further, 

^u{A)x = Cj,(AIa). This implies the claim of the proposition. □ 

5.4. Correspondence between parameters. Our next goal is to understand how to 
recover the periods of the direct summands Cq,(AI®) from that of A^. We will assume 
that = 0 for i > 0, but we will not require that of X. The period map 

still makes sense for X. see jBKl Section 4]. Consider the decomoosition XA'^^) = |J. 
into connected components. Let Yi denote the contracting locus of X^ and let A^^ be the 
restriction of Ca{A^) to To determine the period of we will quantize and then 
use results from |BGKP] on quantizations of line bundles on lagrangian subvarieties. 

First of all, let us consider the case when X is affine and so is quantized by a single 
algebra, A. We will quantize the contracting locus H by a single Al-Cy(Al)-bimodule, this 
bimodule is A/AA^'^. 

Lemma 5.5. Under the above assumptions, gr A/AA^^ = C[y]. 

Proof. This was established in the proof of Proposition [521 More precisely, the case when 
H is a complete intersection given by Q!(C^)-semiinvariant elements of positive weight 
follows from the proof of assertion (1), while the general case follows similarly to the 
proof of (3). □ 

Now let us consider the non-affine case. Let us cover X with (C^)Astable 

open affine subsets XP We may assume that X^ HYi = 0 or X^ Fl F* = 7i~^{X^ fl X°), 
where vTj : Fj —)■ Xf is the projection. For this we hrst choose some covering by (C^)^- 
stable open affine subsets. Then we delete Fj \7rE^(X-^ CX°) from each Xp we still have 
a covering. We cover the remainder of each X^ by subsets that are preimages of open 
affine subsets on X-^//i/(C^) that do not intersect Xj’//i/(C^). It is easy to see that this 
covering has required properties. Let us replace X with the union of X^ that intersect Y^. 

After this replacement, we can quantize Fj by a Al®-Cj^(Al®)-bimodule. We have natural 
Al®(X'^)-Ci,(Al®)(X'^ nX°)-bimodule structures on A^{X^)/A^{X^)A ^and glue the 
bimodules corresponding to different j together along the intersections X* n X^ (we have 
homomorphisms Al^(X*) Al®(X* n X-^) that give rise to Al®(X®)/Al^(X*)Al®(X*)^° —>■ 
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A\X^nX^)/A\X^nX^)A%X^nXi)>^ and to C^{A%X^)) -A C^{A%X^ nX^))). Sim¬ 
ilarly to the proof of (2) in Proposition 15.21 we get a sheaf of ^®-Ci,(^®)-bimodnles on Fj 
that we denote by A^/A^A^’^^. The following is a direct conseqnence of the constrnction. 

Lemma 5.6. The associated graded of A^ jA^A^'^^ coincides with the Ox-0x9-bimodule 

Oy. 

Now we want to interpret F as a lagrangian snbvariety in X x X^ (we still nse X as 
in the paragraph preceding Lemma 15.61 and so can write F instead of Fj and instead 

of X^). Namely, let t denote the inclnsion Y ^ X and vr be the projection F X^. We 

embed F into X x via (t, vr). We eqnip X x X° with the symplectic form {u, 
where is the restriction of uj to X°. With respect to this symplectic form F is a 
lagrangian snbvariety. Farther, A^§)Cy{A^)°^^ is a qnantization of X x X*^ with period 
(A, —A°), where A, A° are periods of A^, Cy{A^). 

Proposition 5. 7. The period A° coincides with l^*{X + ci(Xy)/2) G iL^(X°) = H‘^{Y), 
where Ky denotes the canonical class ofY and is the inclusion X° ^ X. 

Proof. The period of A^®Cy{A^Y^^ coincides with pi(A) — p 2 (A°), where : X x X° —)■ 
X,p 2 : X X X° —)■ X° are the projections. So the pnll-back of the period to F is l*{X) — 
7r*(A°). The strnctnre sheaf of F admits a qnantization to a Al®®Ci,(Al^)°^^-bimodnle, 
By |BGKP1 (1.1. 3 ), Theorem 1.1.4], we have P(A) — 7r*(A°) = —^Ci{Ky). Restricting this 
eqnality to X°, we get the eqnality reqnired in the proposition. □ 

5.5. Parabolic induction functor. Let X be a conical symplectic resolntion of Xq. We 
assnme that X comes with a Hamiltonian action of a torns T. Let (t stand for Hom(C^, T). 
We introdnce a pre-order -<^ on € as follows: u -<^ A if 

. A, = A,Al’‘X 

• and the natnral action of iv(C^) on C,^/(AIa) is trivial. 

It extends natnrally to Cq := Q Cf. 

The following lemma explains why this ordering is important. 

Lemma 5.8. Supposes -< v'. ThenCyfCYAx)) = C,^/(AIa). Further, let A,,/ : Cj,/(AIa) -mod 
AlA-mod, Ai. : Ci,(AlA)-mod —)■ AlA-mod, A : Cj,/(Al)-mod —)■ Cj,(AlA)-mod be the Verma 
module functors. We have A,^/ = A^ o A. 

Proof. Let ns write A for A\. 

Let ns prove that C,^i{C,y{A)) = Cj,/(Al). (i) prodnces an epimorphism AjAAP'^''' -» 
AjAAP'^''". By (ii), the latter gives rise to an algebra epimorphism Cj,(Al) -» Cj,/(Al) that 
induces C^/(Cy(Al)) ^ C,^/(Al). 

To show that A^ o A = Ayi we note that the right hand side is A/Ir <8c^,,(A) *) while 
the left hand side is A/h ®c^,{A) •; where we write J^, Y for the ideals of A in the left and 
the right hand side of the eqnality in (i). □ 

The lemma shows that the Verma modnle fnnctor can be stndied in stages. This is 
what we mean by the parabolic indnction. 

Here is an example of two one-parameter snbgronps that are comparable with respect 
to -<^. Pick one-parameter snbgronps i/, k : —?• T. 

Lemma 5.9. For m 3> 0, we have v v' := mv Y k for all X. 
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Proof. Let us write A for Ax. Let us prove the inclusion C AA^^^’^' that will imply 

The algebra gr(^^°’^) = C[Xo]^°’‘" is hnitely generated, as in the proof of |GL1 Lemma 
3.1.2]. So we can choose hnitely many T-semiinvariant generators of the ideal C[Xo]^°’'^ 
in C[Xo]^°’^, say fi,..., fk- Let fi,..., fk denote their lifts to T-semiinvariant elements 
in A, these lifts are generators of the ideal in A^^’’^. Let ai,... ,ak > 0 be their 

weights for u and 6i,..., 6^ be their weights for k. Take m G such that moj -|- 6* > 0 

for all i. The elements /i,..., then he in and so AA^^’’^ C AA^^''^'. 

The inclusion C A j is proved in a similar fashion. So we 

get the required equality of the left ideals. 

Let us check that p(C^) acts trivially on Cj,i{A). We get 

C,,{A) = (^A/AiA>^’'' © (X(cx))>o,.)y ^ _ 

Note that the expression in brackets is independent of m and the weights of u are all 
non-negative. From here it is easy to deduce that the invariants with respect to z/'(C^) 
coincides with the invariants for z/(C^)k(C^) for m large enough. □ 

6. Standardly stratified structures on categories O 

In this section we introduce a family of standardly stratihed structures on the category 
Oi,{AD that are compatible in the sense of Section 1331 with the highest weight structure 
recalled in Section IT731 

6.1. Main result. Suppose that we have a Hamiltonian action of a torus T on X (com¬ 
muting with the contracting action) such that the hxed point set is hnite. Let 
Xi, ■ ■ ■, Xn be the characters of the T-action on 

©r,.Y 

pexT 

The kernels keiXiP = - ■ ,N, partition the co-character space Hom(C^,T) ® into 

polyhedral cones to be called chambers. If u lies in the interior of a chamber (i.e., {xii 7^ 
0 for all i), then = X'^. Such one-parameter subgroups will be called generic. 

Otherwise, is inhnite. 

Let p be a generic one-parameter subgroup of T and pq be a one-parameter subgroup 
lying in the closure of the chamber containing u. In this case we will write z/ -w i/q. Our 
goal is to produce a standardly stratihed structure on O^^A^) corresponding to z/q. The 
hrst step is to dehne a pre-order on X^ from z/q. 

Let Zi,...,Zk be the irreducible (=connected) components of We dehne a 

partial order on the set {Zi ,..., Z^j as the transitive closure of the relation Zi Zj 
specihed by Z^ IlYj ^ 0, where Yj is the contracting locus of Zj, i.e., 

Vj = {a: G X| limz/o(f)a: G XT. 

j i^O 

For p,p' G X^, we set p pAf p E Zi,p' G Zj with X Zj. Clearly, Yuo is a partial 
pre-order on the set X^ and the associated poset is {Zi,..., X}- 

Lemma 6.1. The relation p Yy p' implies p Yuo p'■ 
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Proof. In the proof we can assnme that p G Ypi. In this case, what we need to check is 
that z/q contracts Yp/ to the irreducible component Z of containing p'. We can 

replace X with a T-stable affine neighborhood of p'. Applying the Luna slice theorem 
to T and p', we see that Yp/ is T-equivariantly isomorphic to a T-module, such that all 
weights of u are positive. Since z/q lies in the closure of the chamber containing u, we see 
that all weights of z^o are non-negative. This implies our claim. □ 

Let us proceed to the main result of this section. 

Theorem 6.2. Suppose z/q lies in the closure of the chamber containing v. Then Yuo 

) is a standardly stratified category. 

In the proof we will always assume that u = mz/Q + k for a fixed k and m S> 0. 

Let us explain our scheme of proof of Theorem 16.21 We will start by describing the 
associated graded category gr O^(Ax), we will show that this category is 
that, under the identifications = Ov{A\+nx) ^^nd = Oj,{Cy^{A\+nx)) 

(where y is ample and rz, ^ 0) the standardization functor becomes the Verma mod¬ 
ule functor Using this, we will check the standardization functor is exact confirming 
(SSI), this reduces to the claim that the right (^A-i-nx)"Kiodule .4,A+nx/‘^A-i-nx(‘^A-i-nx)>o,i/o 
is projective. Finally, we will use Lemma [ 3.51 to complete the proof. 

Below we will write A"*" for A -|- nx with n ^ 0. 

6.2. Associated graded category. The goal of this part is to prove the following propo¬ 
sition. 

Proposition 6.3. Let Z he an irreducible component of . The subguotient Oy{A^^)z 

is eguivalent to Oy{CyQ(Ax)\z) os abelian category so that the functors tt^ and vr^ get 
identified with Ay^ and Vy^, respectively. 

In order to prove this proposition, we need to understand the “highest weights” of 
modules in Oy{A\+z^- We can identify Cy{A\+) with C[(X®)^]. Let i denote the line 
{A -|- zx\z G C}. Let <I>£ : t — Ae^^d be a quantum comoment map for the action of 
T on Ag. Note that is defined up to adding a linear function t —?• Aff(£, C), where 
Aff(f', C) stands for the space of affine functions £ —)■ C. Then we have a linear function 
^\+zx • t —t C defined as the composition ppO p o d>A+2x, where the quantum comoment 

map *hA+^x is viewed as a map t —by ip we denote the natural homomorphism 

•^’x+zx r(^i^(‘^A+zx))’ hp stands for the projection r(Cj,(Alx+ 2 ^)) —)■ C to the 

one-dimensional quotient corresponding to p G By the construction, t acts on the 
top degree component of Ay{p) by the character (^x+zx' to investigate the 

properties of c^+2^- 

Lemma 6.4. The following is true. 

(1) The function (?x+zx 

(2) Let to C t the Lie subalgebra spanned by the face containing z/q with z/ -w i/q. If 

p,p' lie in the connected component of then (fx+zx^^x+zx on to. 

( 3 ) For two points p,p' G X'^ , the linear part of the difference — c^+^x 

z{ap{x) — where ap{x) (resp., ap/{x)) is the character of the action of T 

on the fiber 0{x)p (resp., on 0{x)p')- Note that ap{x) depends on the choice of 
the T-eguivariant structure on 0{x) but the difference does not. 
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Proof. We can consider the nniversal fnnction : t —)■ C[i], the composition of the 
qnantnm comoment map $ : t —)■ the natnral homomorphism ^ —)■ 

^u{Ai) —)■ T{Ciy{A^)), and the projection T{Ci,{A^)) C[£] corresponding to p. Note 

that imc^ G Aff(t', C) and that c^+ 2 ^ is the specialization of to A + zx- This implies 

(!)• 

Let us proceed to (2). By Lemma 15^ -^a+zx^ ^v{^\+zx) factors through 

Ci/o(AIa+zx)^^'^''^- The image of $(to) in Cy^{Ax+z-x) central and so, for any ^ G to, the 
projection of *h(0 to the direct summand corresponding to any component of jg 

constant. This implies (2). 

Let us prove (3). The linear part of the map <^x+zx coincides with the composition of 
/i* : t* —)■ C[Xcx]'^T'') and the projection C[Xc^]'^T’') corresponding to p. So 

this linear part is zp(j)i), where pi G Xj is the point corresponding to p (see the end of 
Section [5T|1 ■ We now need to show that /x(pi) — pijt'i) = ap(x) ~ <^p'{x)- 

Let us choose a T x C^-equivariant structure on 0{x)- Let C denote a unique T x C^- 
equivariant extension of 0{x) to Xc^- According to |K1] . the complement of the zero 
section in £ is a symplectic variety with a Hamiltonian action of C^, whose moment map 
/icx is the projection Cx- The T-equivariant structure on C induces a moment map 

Pt for the action of T on £^, the induced moment map on X = p^l{0)//C^ coincides 
with the original one. Let us pick p G X^, consider the corresponding hxed point line 
P C X^^ and let P be its preimage in The latter is easily seen to be a symplectic 
subvariety in . This symplectic variety is nothing else but T*C^, where the zero section 
is the preimage of p in . The action of T on the base is induced by the character 
ap{x)- AVe conclude that the restriction of /it to P = C is also given by (the differential 
of) (yp{x). This shows the claim in the previous paragraph and completes the proof of the 
lemma. □ 

We need one more lemma, see |M01 Section 3.2.4]. 

Lemma 6.5. Let p,p' G X^ be such that p p' and let XiX' be the characters ofT in 
the fibers 0 {x)p^ 0{x)p'- Then (y, vfi) < (y', i/q) . 

Now we are ready to prove Proposition 16.31 
Proof of Proposition 16.31 Let us produce an exact functor 

wz : Oi,(Ax+)^z Ou{Ct,g(Ax+)\z)- 

Let ho be the image of 1 under the quantum comoment map for uq. For M G OfiAx+)<z-i 
let zuz{M) be the generalized eigen-space for ho with eigenvalue c^+(ho), where p E Z 
(this depends only on Z by (2) of Lemma 16.4p . (3) of Lemma 16.41 and the choice of A"*" 
imply that, for any eigenvalue a of ho in M := Aiy{p'), where p' G Z' with Z' Z, 
we have a — c^+(ho) G If follows that the similar conclusion is true for any 

M G Oiy{Ax+)^z- So A^+'''° annihilates zuz{M) and therefore zuz is an exact functor 
Oy{Ax+)<z —t 0^{C^q{Ax+)\z)- From Lemma 1^31 it follows that c^+(ho) is not an eigen¬ 
value of ho on Afip') with p' G Z' and Z' -< Z. We conclude that wz annihilates 
OfiAx+)^z- Also we note that, for N G Oty{Ci,^{Ax+)\z), we have wz^ = N. We 

conclude that the essential image of wz is Oi,{Ci,^{Ax+)\z) and that zjz descends to an 
equivalence OfiAx+):<z/Oi,iAx+)^z ^ Oy{CufiAx+)\z)- 
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It remains to check that is the left adjoint of wz, while Vuo,z is the right adjoint 

of vuz- To show the former, note that 

Hom^^^(A.„(M),7V) = Homc.^(^^^)(M, 

for M G Oiy(Ci,g(Ax+)\z) and N G Oi,{A\+)^z- The right hand side coincides with 
Homc,,jj(^^^)(M,because the eigenvalue of ho on M is c^+(ho) and wz{N) is 
annihilated by A^+^°. This shows that is the left adjoint of wz- A similar argument 
(based on an observation that zuz{N) embeds into N/Af+'^°N) shows that '^uo,z is right 
adjoint to wz- □ 

6.3. Algebras and bimodules. Here we will introduce certain algebras and bimodules 
that will be needed in several proofs below. Recall that x ^ Pz is ample for and that 
i stands for {A + zx\z G C}. 

Set := Ax+zx/^\+zx^x+zx- ^his is a AlA+ 2 x-Ciyo(-AA+zx)-t'imodule. Note that, 

for a Zariski generic z, ^x+zx i^i^o direct sum ®z^\+zx\^^ where Z runs over 

the connected components of and <8 c,o(Aa+zx) Ci.o(AIa+^x)U- 

Let us write B^ for Anj so that is the specialization of B^ to A + 

2 ;% G £. We will need a C[£]-algebra CyQ{Ai)\z and an Ae,Xy^^{A()\z bimodule B'l\z that 
specialize to C,^(,(Aa+^x)U5-^a+zxI^ ^ Zariski generic 2 ;. Recall that we have a natural 
homomorphism C^^{A£) —)■ r(Ci,Q(A£)). The kernel and the cokernel of the homomorphism 
of the associated graded algebras are supported at 0 G Cx, this follows from the proof of 
Proposition 15.31 

Let Iz denote the kernel of the composition of the homomorphism —)■ T{C^q{Ai)) 

with the projection r(C^(,(Al^)) ^ r(C^Q(Al^)|^). We set C^g{Ai)\z = C^o{Ai)/Iz and 

B+\z = Bj/Bjiz. 

Lemma 6.6. For a Zariski generic z, the specializations of Ci,^j{A£)\z,B^\z to \ + zx 
coincide with C^g(AA+^x)U>'^vr^xl^- 

Proof. It is enough to check the claim about Ci^q{A£)\z- Lemma 12.51 applied to = 
^uo{A£) shows that Iz,Cy^{A£)/Iz as well as the cokernel of Ci^^^Ai) T{Ci^q{Ai)) are 
generically free over C[t']. From here we deduce that for a Zariski generic z, the special¬ 
ization of Iz to \ + zx coincides with the kernel of C^^^^Ax+zx) ^ r(Cj,Q(Ax+ 2 ^)). Now 
the claim of the present lemma is a consequence of Proposition 15.31 □ 

The algebra C^,(j(A,£)|z is hltered, the hltration is induced from Cj,q(A£). The bimodule 
B'^\z is also hltered with the hltration induced from B^. We will need some information 
about the associated graded algebra gr Ci,g(A£)\z and the associated graded bimodule 
giBflz- The facts we need about the former are gathered in the following lemma. 

Lemma 6.7. The following is true. 

( 1 ) The fiber of gTC^Q{A£)\z over x is €[Z^ . 

(2) The scheme := Spec(gr Ci.g(Al£) |z) is eguidimensional over Cx- 

(3) The fiber ^ of Z^^ over 0 has finitely many symplectic leaves. 

Proof. We have a natural homomorphism 

(6.1) C,Me)\z^T{C,Mi)\z) 




ON CATEGORIES O FOR QUANTIZED SYMPLECTIC RESOLUTIONS 


23 


that is an isomorphism generically, this follows Lemma 16.61 The kernel of its associ¬ 
ated graded is supported at 0 G Cy. Moreover, the induced homomorphism of hbers 
Ci/o(Ma)|z is a hltration preserving isomorphism for a Zariski generic 

X E i. It follows that the cokernel of the associated graded of fl6.ip is also supported at 
0. (1) follows. 

Let us prove (2). We have gTT{Ci^f^{Ai)\z) = This algebra is hnite over 

gr C^Q{Ai)\z- It follows that if we equip C^^^{Ai)\z with the hltration restricted from 
T{CiyQ{A^)\z), then the reduced scheme of the associated graded does not change. There¬ 
fore the dimension of the zero hber of Spec(gr Cyg(M£)|z) —t Cy equals dim Z. (2) follows. 

Let us prove (3). We have a hberwise resolution of singularities morphism Zcx 
that is an isomorphism over C^x- Since the morphism Z —)■ Z is a symplectic resolution of 
singularities, by Remark 12.11 we conclude that Z has hnitely many symplectic leaves. □ 

Let us proceed to studying the C[Xcx] <8 gr Cj,(,(M£)|z-bimodule grB'^\z- 

Lemma 6.8. The following is true: 

(1) The support of grBflz in Wq^cx ^ Z^^ lies in 

Ycx ■■= {{x,z) e Xo,cx X ^cxl = z}. 

(2) The fiber of Ycx overx coincides with the Y^^z '■= {{.x,z) G X^xZ^\\mit^oi/o{t)x = 

(3) The fiber of Ycx 0 isotropic subvariety in Xq x X 

(4) The fiber of grBf\z over x is £-\Y^^z\- 

Proof. (1) and (2) are straightforward. 

Let us prove (3). Recall, |L31 Section 5.1], that a subvariety of Xq x Z is isotropic if and 
only if its pre-image in X x Z is. The preimage of the zero hber of Icx in X x Z consists 
of all points {x,x') such that \\mt^Qi/Q{t)x exists and p{\mit^Qi/Q{t)x) = p{x'). The claim 
that this locus is isotropic easily reduces to checking that (p x p)~^{Xdiag) x Z is 

isotropic. But (p x p)~^{Xdiag) C X x X is isotropic while x Z symplectic. These 

two observations imply our claim. We conclude that the zero hber of is isotropic. 

Let us prove (4). Let us check that the kernel of the natural epimorphism 

C[Xc^]C[Xc^]C[X^^]>^’'^^ ^giBj 

is supported at 0 G Cy. Consider the h-adic completion Apn of Rn.{A). Let de¬ 
note the (completed) localization of Apn to C^y. Then coincides 

with the (micro)locahzation of Ai^/Aifi{Ai^h)^^Y. On the other hand, over C^y, the 
ideal C[Xc;^.]C[Xc;(;]^°’'^ is a locally complete intersection (given by elements of positive 
z/'-weight), compare to the proof of (2) in Proposition 15.21 As in the proof of (1) of 
Proposition 15.21 this implies that AYl/AYfYA^^^ Y^^ is hat over C[[h]]. So the h-torsion 
in Ai^n/•A.i,h{.‘A.e.,h)>Qy is supported at 0. This implies the claim in the beginning of the 
paragraph. 

Part (1) of Lemma ET] implies that the hber over y of gr Iz is the kernel of C[X^°^''" 
C[Z^]. So (gri3^)^/(gri3/)^(gr/^)^ = C[Y^^z] and we get an epimorphism C[Y^^z] 
(gr;B/|^)^ of C[X^] (g) C[Z^]-modules. The Gabber involutivity theorem implies that the 
support of (gr;B^|^)^ in X^ x Z^ is coisotropic (if this bimodule is nonzero). Since Y^^z 
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is lagrangian, it follows that either {gTB^\z)x ~ ^[^x,z] or ~ 0- latter is 

not the case because 

[(gri3+U)^]^°(^") = = fer C^o(A)|z]x = ^[^x]- 

□ 

To hnish this section, let us point out that the conclusions of this section also hold for 
the following bimodules 

:= Bp° := AelAf’’^°Ae, BJ’° := At/Af’'^°Ai. 

6.4. Standardization fnnctor. According to Proposition 16.31 under the identihcation 
of Oy{A^x) with Oiy{Ax+) and gr^,^ Oi,{Al) with Ou{Ci,q{Ax+)), the standardization functor 
gr^,^ 0^{Ax) becomes Recall that we write A+ for X + nx with n 3> 0 and 

X ^ pz ample. The goal of this section is to prove the following claim. 

Proposition 6 . 9 . The functor A^^^ : Ou{Ci,^^{Ax+)) Ou{Ax+) is exact. 

Since = B^+ ) •; fhis proposition is a direct consequence of the following 

claim. 

Proposition 6 . 10 . For a Zariski generic z, the right C^Q{Ax+zx)''>^odule Bx+zx i^ 
jective. 

Proof. The proof is in several steps. 

Step 1. The claim will follow if we show that, for a Zariski generic z, Bxj^^^\z is a 
projective Cj,Q(AlA+zx)U”rnodule. This will follows if we check that 

(6-2) C^o(A+2x)U) = 0> for * > 0- 

Indeed, fl6.2p implies that M) = 0 when i > 0, for any right 

Ci.o(AlA+zx)U-module M. 

Step 2. By Lemma [27^ ^~i\z is generically free over €[£]. We deduce that, for a Zariski 
generic z, the left hand side of fl6.2p is the specialization to X + zx of 

(6.3) Ext^^^(_^^)|opp(i3/|2, C„g{Ae)\z)- 

So fl6.2p for a fixed i will follow if we check that the module in fl6.3p is torsion over 
C)^]. The claim for all i is then proved by using the fact that, for a Zariski generic z, the 
algebra Ct,^^{Ax+zx)\z = homological dimension not exceeding dimZ, 

see (3) of Lemma 12.41 

Step 3. So we are proving that fl6.3p is torsion over C[£]. To this end we will need the 
category C of all hnitely generated Air bimodules whose associated variety lies 

in the subvariety Ecx from Lemma 16.81 

Thanks to (3) of Lemma 16.81 for M G C, the specialization Mx+zx is ^ holonomic 
Ci'o('^A+^x)U”'^°'^foe, see Section ITTl We conclude that, for a Weil generic z, the 
specialization Mx+zx dimension equal to |(dimX + dim Z) (provided Mx+zx 0)’ 

this follows from Corollary 14.61 (applied to the algebra <8) C^q{Ax+zx)\z that is the 

algebra of global sections of a conical symplectic resolution). 

Step 4- Now let M be an object in C. Suppose that M has a good hltration such 
that gr M is torsion over C[Cy] . We claim that M is torsion over C [£]. Lemma 12.51 
implies that M is generically free over C)^]. The associated graded bimodule grM is 
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supported on the zero fiber of Ycx ^X- The dimension of the latter does not exceed 
i(dimX + dimZ), see (3) of Lemma [631 We conclude that the GK dimension of M does 
not exceed |(dimX + dimZ). On the other hand, since M is generically free over C[i], 
we have ^ 0 for a Weil generic z. So the GK dimension of a Weil generic fiber of 

M coincides with that of M. It follows that we have quotients of M with arbitrary large 
GK multiplicity. But the GK multiplicity of M is not less than that of any quotient of 
M. We arrive at a contradiction. 

Step 5. It remains to show that 06.31) lies in C and has a good filtration like in Step 
4. Recall that gvBflz is a finitely generated C[Xc^] ® gr Ci,o(^£)| 2 -module supported on 
Icx tiy (1) of Lemma [6.81 Also note that 06.3p has a filtration with 

(6.4) gTExtc^^^_^^)^opp(Bi\z,Cuo(Ae)\z) C Extg,c,o(A,)|z(g’^^/U)g’^C^o(-T£)U). 

This implies that 06.3!) is in C. Let us show that the right hand side of 06.4!) is supported 
at 0 G Cx (when i > 0). Indeed, the specialization of gr C^q{A£)\z to y is C[Z^] (see (1) 
of Lemma I^T|) . while the specialization of gri^^l^ is C[Y^^z] (by (4) of Lemma IR3D . It 
follows that the specialization of the right hand side of 06.4p to y coincides with 

Exti[^j(C|y,.z],c|zj), 

But C[Y^^z] is a projective C[Z^]-module and so the fiber at x vanishes. 

This completes the proof. □ 

6.5. Filtration on projectives. We finish the proof of Theorem 16.2! using Lemma [3.51 
In order to do this, note that the functor 

Vt,p(») = •) : 0^{C^q{A\+zx)) (^ui^^x+zx) 

is exact for a Zariski generic z E C, where B^^^^ = A\j^zx/•^x+zx'^^^^x- Indeed, com¬ 
pletely analogously to Proposition 16.101 is a projective (^A+^x)”^odule for a 

Zariski generic z. 

The category Oy{Ax+) is highest weight with respect to the order It follows that 
it satisfies the conditions of Lemma [3.41 Together with the exactness of this implies 
that Oy{Ax+) is standardly stratified with respect to the pre-order Yuo- This finishes the 
proof of Theorem 16.21 

Let us record a result that follows from the claim that the right Ci,(,(^x+)-inodule B^+ 
and the left Ci,Q(^x+)-module B^f are projective. 

Lemma 6.11. For M G D^{Oy{Cy^{Ax+))), we have 

(M) = Bl^ ) M, V.0 (M) = R Homc.„ ) {B^^ M ). 

7. Cross-WALLING functors 

7.1. Definition and basic properties. Recall that we have a full embedding Ly : 
D^{Oy{A^x)) ^ D^(Goh(^®)) iLemma 12.21 and (3) of Proposition 1321) . The image clearly 
lies in the full subcategory D\^^i{Cdh.{A^y)) of all complexes with holonomic homology (re¬ 
call that a coherent .4,^-module is called holonomic if its support is lagrangian, note that 
by the Gabber involutivity theorem, the support is always coisotropic). It was checked 
in |BLPW1 Section 8.2] that the functor Ly : D^{Oy{A^x)) ^ admits both 

left adjoint Ly and right adjoint 6*. 

























26 


IVAN LOSEV 


For two generic one-parameter subgroups u, v' : —?• T we define the cross-walling 

functor (shuffling functor from [BLPW( Section 8.2]) by setting 

:= lI, o ; D\OMl)) ^ D\0,iAl)). 

So the functor is uniquely characterized by a bi-functorial isomorphism 

(7.1) Homo6(o^,(^9))(C2IJ^^^/M, N) = Hom^6(coh(A®))(^> ^)- 

Note that the functor admits a right adjoint functor £211*^^,/ = iy o t*,. Also 

note that there is a natural functor morphism 

(7.2) ^ o 

induced by the adjunction morphism id —)■ iyi o t]^,. 

When Loca, Fa are abelian equivalences, we can carry the functor to D^{Oy{Ax)) 

D^{0^'{Ax))- Obviously, this functor can be realized as o where now stands for 
the inclusion D^{Ou{Ax)) ^ D\^i{Ax-mod). 

Let us finish this section by discussing the case of products, where we have X = xX^. 
Recall that we have an identification 0^{A^x) = Oi,{A^^i) Kl Oy{A?^ 2 )-, Lemma SiH The 
following claim follows from loc.cit. and fl7.1l) . 

Lemma 7.1. Under the identification of the previous paragraph, we have = 

7.2. Main results. Let us start with some notation. Pick two generic one-parameter sub¬ 
groups v, A : ^ T. Define 5(z/, A) G as the number of T-weights in 0pg^T TpX 

that are positive on p and negative on p'. Note that S{p,p') + d{p',p") ^ S{p,p") and 
S{p, p') = 5{p', p). We will say that a sequence Pi,... ,Pk of generic one-parameter sub¬ 
groups of T is reduced is 6{pi,Pk) = Yl^=i We say that a reduced sequence 

Pi,... ,Pk is maximal reduced if z/j, z/j+i he in chambers separated by a single wall. 

Lemma 7.2. Every reduced seguence can be completed to a maximal reduced one. 

Proof. We need to check that generic p, p' are included into a maximal reduced sequence. 
Pick sufficiently general p, p' in their chambers so that the interval joining p, p' does not 
intersect pairwise intersections of walls. Let p = pq,pi, ... ,p' = Pk be one-parameter 
subgroups from the chambers intersected by that interval taken in order. Then pq, ... ,Pk 
is easily seen to be a maximal reduced sequence. □ 

Now we are ready to state the main results. 

Theorem 7.3. The functor is an eguivalence for any p,p'. Moreover, for any 

reduced seguence Pi,... ,Pk, the natural functor morphism 

^ o o... o 

is an isomorphism. 

This theorem proves several conjectures of Braden, Licata, Proudfoot and Webster 
(stated in a previous version of [BLPWj ). The claim that the functors yield an 

action of the Deligne groupoid of the hyperplane arrangement given by the non-generic 
one-parameter subgroups is established as in [BPWl Section 6.4]. 

Our next main result (that plays a crucial role in the proof of Theorem I7.3p concerns 
an interplay between the equivalences and the standardly stratified structures on 

the categories involved. In order to state the result we need some more notation. 
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Pick z/q : —)■ T. Recall that for a generic v and some z/q we will write z/ w z/q if z/q 

lies in the closure of the chamber containing v. We write for the cross-walling 

functor between categories O for 

Proposition 7.4. Let v be generic with n pq. The following is true. 

(1) If p' is generic with p' pq, then ° ^2n* . o and Aj,p o 

= oA,p. 

(2) The functor dim A] zs a Ringel duality. 

We will recall a dehnition of the Ringel duality in the next section. 

In particular, (2) implies the shuffling part of |BLPW[ Conjecture 8.24] (the twisting 
part will be proved in the next section). 

7.3. Ringel duality, homological duality and long wall-crossing. Let Ci,C 2 be two 
highest weight categories. Consider the full subcategories C Ci,C7 ^2 of standardly 
hltered and of costandardly hltered objects. We say that C 2 is Ringel dual to Ci if there 
is an equivalence Cf" ^ of exact categories (and we write Cf for C 2 ). This equivalence 
is known to extend to a derived equivalence IZ ■. D^{Ci) ^ £*^(^ 2 ) to be called the Ringel 
duality functor. The functor 77 maps standards to costandards, projectives to tiltings, 
tiltings to injectives. So we can identify highest weight posets of Ci,C 2 as sets (they will 
have the opposite orders). In this section we will describe the category OuiAxY. 

Consider the functor D := RHom_ 4 ^^ (•, ^;^+) dehnes an equivalence Z7^(.4,a+ -mod) 
D^{A°^+ -mod)°^^. Note that if Supp W{DM) C Supp M for all i. Also note that H\DM) 
is weakly T-equivariant provided M is. Using Lemma 14.31 we see that D restricts to 
an equivalence Dq^{A\+- mod) D^^{A°^+-mod)°^^. So we get a derived equivalence 
D : D^OAAxA) 4 D\OAAf.f))°PP. '' 

Proposition 7.5. There is a labeling preserving highest weight equivalence 0^{Ax+)'^ ^ 
that intertwines TZ and D. 

We start with a technical lemma. Pick p G A^. It uniquely deforms to a T-£xed point 
in any A^ that we again denote by p. Let denote the z/-contracting locus for p in X^. 

Lemma 7.6. The object D{Ax+{p)) is concentrated in homological degree |dimA and, 
moreover, its characteristic cycle (an element of the vector space with basis formed by the 
irreducible components of the contracting variety Y) coincides with the class of C^Y^^pDX. 

Proof. Let us prove the hrst claim. Set i := {X + zx\z G C}. What we need to prove 
is that Ext*(A A',.4,A') = 0 provided i 7 ^ ^dimA for a Zariski generic X' G i. Our claim 
will follow follow if we show that the support of Ext*(A£, Ai) in Cy is hnite and that the 
C[£]-module Ext*(A£,4.£) is generically free. Here we write A^ = AijAiAvf^. 

The right 4,^-modules Ext*(A£, Af) are hltered with gr Ext*(A£, Af) C Ext*(gr A^, C[Ac;,(;]). 
The claim about generic freeness follows from Lemma |231 Also to prove that claim in the 
previous paragraph that the support is hnite it is enough to prove that Ext*(gr A^, C[Ac;^.]) 
is supported at 0 as in Step 4 of the proof of Proposition 16.101 

Set Acx := *C[Ac;^;]/C[Ac;^]C[A]p°. We have Ac^ -» grA^. Moreover, the kernel 
is supported at 0, see the proof of (4) of Lemma 16.81 So it is enough to show that the 
support of Ext*(Acx, ^[Ac;^;]) is at 0 when i A \ dim A. This follows from the observation 
that, generically over Cy, the ideal C[Acx]C[Ac,^]^° is a locally complete intersection in 
a smooth variety. 
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The argument above also implies that the associated graded of D{Ax+{p)) coincides 
with that of Ext 2 C[X^]). The latter is just the class of the contracting 
component Yy.^p (defined as the sum of components of X fl with obvious multiplic¬ 
ities). □ 

Proof of Proposition \ 1. 5| . We write for D{Ax{p)), thanks to Lemma 17161 this 

is an object in 0{A-x) (and not just a complex in its derived category). We have 
End(AA(p)^) = C and Ext*(AA(p)^, Aj;^(p')^) = 0 if i > 0 or p p'. We remark that 
the orders and can be refined to opposite partial orders (by the values of the real 
moment maps for the actions of C z/(C^)), compare with [Gl 5.4]. So it only remains 
to prove that the characteristic cycle of Aa(p)'^ consists of the contracting components Yp/ 
with p' p. The characteristic cycle of Aa(p)'^ coincides with C ^ Yg^p n X, by Lemma 
17.61 But the characteristic cycle of A_a(p) is the same. Our claim follows. □ 

Now we can establish a connection between the long wall-crossing functor from |BL1 
Section 4.1] and the Ringel duality. Pick A ^ 0 and set A“ := X — N6 so that the analogs 
of (1) and (2) hold for (\~, 9 )- We can consider the functor QR^a-^-a : Zl^(AlA-mod) —>■ 
D’^iAx- -mod) given by •. This is the long twisting functor from |BLPW( 

Section 8.1], it is an equivalence, see |BPW( 6.4]. Since AIa^_^]y^ is a HC bimodule, the 
functor 2 IT(La->-a- restricts to an equivalence D^(0^{Ax)) —t D^(o^{Ax-))- 

The following proposition implies the twisting part of jBLPW( Conjecture 8.24]. 

Proposition 7.7. There is a labelling preserving highest weight eguivalence Oty{Ax-) ^ 
O^i^AxY that intertwines QUCa-s-a- 

Proof. In |BLl Section 4.3] we have established a t-exact equivalence Z1|]q;(.4,a- -mod) A- 
D\i^fA°x^-m.od)°^ that intertwines QRiLa-^-a and D (there we were dealing with the case 
when X is Nakajima quiver variety but the proof works in the general case as well). Now 
we are done by Proposition 17.51 □ 

7.4. Proof of (1) of Proposition 17741 In this section we prove (1) of Proposition 17.41 
Our proof is based on the computation of the derived tensor product of certain bimodules. 
The bimodules we are interested in are as follows: 

Bf: := = AIa+Ma+AI>°’^°. 

The former is a Ci.g(^A+)-AlA+-bimodule, and the latter is a .4,A+-C^,(j(^A+)-bimodule. 

Lemma 7.8. We have Bff ^\+ ~ C!./o(AIa+)- 

Proof. Note that 

By 0^,, ey = +A+.4y"") = av0.4-i.4U = c„(au. 

i>0 

So we just need to check that the higher Tor’s vanish. 

Set £ := {X + zx, z G C}. We can consider the bimodules Bf'°, B^ and form the derived 
tensor product Bf’° Bf. Similarly to Step 2 of the proof of Proposition 16.101 we just 
need to check that each ToYf^{Bf’°,B^) is torsion over €[£]. 

The bimodules ToTf'^‘{gTBf’°,gTB^) are all supported at 0 G Cy. Indeed, the hber of 
grBf over y is C[F^], while the fiber of of grBf'° equals C[y^“], compare to (4) of Lemma 
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16.81 Here := {{x^z) G x limt^oo ^o{t)x = z} and is defined similarly. 

The varieties Y^ and Y~ intersect transversally, hence onr claim. Note that 

(7.3) grToU'(e,-'”,e;) C Torf-*'J(gre7'”,grB+) 

(an inclnsion of gr Cyp(^A)-himodnles). We conclnde that gr TorJ^^(H7’°, H/) is snpported 
at 0. We want to dednce from here that Tor^^(H7’°, is torsion over C[f']. 

Thanks to Proposition l2.6l the previous claim will follow if we check that Tor^^ {BJ'°, ) 

is a Harish-Chandra Cj,(j(^£)-bimodule. We have an epimorphism -» gr 

So it is enough to prove that the left and the right actions of C[Xcx]''''" on Torf (gr gr 
coincide. We have C[Xc^]/C[Xcx]C[Xc;^]>°’^° ^ grH^’°. So the action of C[Xcx]‘’'’' on 
giBJ’° (from the right) is restricted from the C[Xcj^]-action (from the left). It follows that 

the left C[Xcx]‘''’'-action on Torf^^'^^'(gr gr H/) is restricted from the C[Xcx]-action 
(we take the Tor of modules over the commutative ring C[Xc^]). For similar reasons, the 
same is true for the right action. So gr Tor^^(H7’°, H^) is a C[Xcx]^“*''*"'"^-module. Hence 
Tor^'^(H^’°, H^) is indeed a HC CyQ(^£)-bimodule. □ 


Proof Proposition \ 7.4\ (!)■ Let us show that o o (£211* , ,,,/, the other 

isomorphism is similar. 

We need to establish a bi-functorial isomorphism 


(7.4) Hom^.(^^^.^„d)(M,G:2IJ:^,,V.„(X)) ^ Hom^.(^^^ _„„d)(M, V.o(m:^.^iV)), 

for M G D^^{Ax+-mod), N G D'f, , (Cj,q(^a+)- mod). 

By the dehnition of (1:211*^^;, we have 

(7.5) Hom£)6(_4^^ _inod)(^5'L2n*_^j,/Vi/o(X)) A-Hom£,6(_4^^ _jnod)(^5 Vi,g(X)). 

On the other hand, 


(7.6) 


Homo6(^^+_mod)(^, V^o(X)) = Hom^6(_4^^ ^Homc,^(^^+)(H^7'', X)) 


BomD>>^Cy^(^A^+)-mod)iBA° M,N) 


The hrst equality holds thanks to Lemma 16.111 

Note that Bff ^ ^ -L)|,^(C,^q(^a+)- mod). Indeed, this is true for M = Ay^i^M'), 
where M' G Oy{Cyf^{Ax+), because, by Lemma fTSl we have 

B-xf M = Bff M' = M'. 

Since the objects of the form Ay^ {M') span (•^a+ -mod), we deduce that M G 

-mod) for all M G D^q^{Ax+ -mod). It follows that 


Hom^6(c,^(^^^)_n,od)(^;7'’ ®X+ 

(7-7) ^ Hom^6(c^^(^^^)_mod)(^A+° <£2n*^^,X) 


Combining fl7.5p . fl7.6p and fl7.7p . we get fl7.4p . 


□ 
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7.5. Proof of (2) of Proposition [731 In this section we prove (2) of Proposition 17.41 
Pick some parameter A. 

Lemma 7.9. We have a bi-functorial isomorphism 

REomj:)b^a^,{A^+)){'^^u^u'M,N) = D{M) 0 ;^^^ N. 

Proof. fl7.ip implies that the left hand side is i?Hom£) 6 (_ 4 ^^)(M, A^). The claim is now 
standard. □ 

One can compute D[Ay{p)). The following claim was obtained in the proof of Propo¬ 
sition [73] (and is a formal corollary of that proposition). 

Lemma 7.10. We have D{A^{p)) = A°*’P(p)[—| dimXj. 

Corollary 7.11. ITe have €Wl^_^A^i^{p) = Vi.(p)[| dimXj. 

Proof. We have 

RRomo_^(A^^)iA^{p)X^l^-A-<^ip')[k]) = D{A^{p)) 0 ;^^^ A_^{p)[k] 

= Ar (p) 0^^ A_„(p')[fc - I dim A], 

It follows from Lemma [7.81 that the last expression is zero unless p = p' and = | dimX, 
in which case it is one dimensional. Therefore dimXj. □ 

Let us proceed to the proof of (2). 

Recall, see Section [T^ that 0_^{A\+) = Oy{A^+)°^^ via N N^*'^ (the restricted 
dual). 

Lemma 7.12. For M E Ou(A^^), N E 0-u{A\+) we have a bifunctorial isomorphism 
(7.8) Hom^op^p(M, = (M 0^^^ N)*. 

Proof. The space on the right is that of K-bilinear maps M x A —)■ K satisfying (ma, n) = 
(m, an). So we have a homomorphism from the left hand side to the right hand side that 
to an Al^+^-linear map ip ■. M ^ assigns the linear map {m,n):p := {ip{m),n). This 
homomorphism is clearly bifunctorial and injective. So it remains to prove that it is 
surjective. By the 5 lemma it is enough to prove the surjectivity when both M, A are 
projective. We will do this in the case when M, A are standardly hltered. When A 
is standardly hltered, the object A^) is costandardly hltered. So the left hand side has 
dimension ■ ^-u{.p)]- By a direct analog of Lemma l7.8l the functor 

• • D\0,{Af+^)) X D\0.,{Ax+)) ^ 7l'(Vect) 

is acyclic on standardly hltered objects and also dimA°^^(p) 0^^+ A_y{p') = 5pp'. It 
follows that the dimension of the right hand side of fl7.8p is also • ^T'^i.P)][^ • 

A-.(p)]. □ 

Lemma 17.121 implies that 

Hom^.pKM, A(*)) = (M 0^^^ N)\ Me N E D\O.Mx+))- 

So we get the following bi-functorial isomorphism: 

Hom^6(o_^(_4^^))(C:2II^^_^(M), A) = D{M) 0 ^^^ A = 

= HomB.(o,(^...))(A(M), aW)* = . 
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Here we write D^*\M) for {D{M))^*\ Note that is an equivalence. So the functor 
T := o satisfies 

(7-9) A^) = Hom£,6(0_^(_4^^))(A^, 

From here it is easy to see that is fully faithful. Also has right adjoint; T* = 
£}(*) o Since T is fully faithful, the adjunction morphism id —?• o is an 

isomorphism. It follows from (17.9p that the adjoint T* is also fully faithful. So we conclude 
that T* are mutually inverse equivalences. Therefore is an equivalence of 

triangulated categories. 

Note that dimX] sends A_j,(p) to Vu{p)- Since dimX] is an 

equivalence, it follows from Corollary 17.111 that €W*^^_J[\dimX] is a Ringel duality 
functor. This hnishes the proof of (2). 


7.6. Short cross-walling functors are equivalences. Here we consider the case when 
p, v' he in chambers sharing a wall (we say that z/, v' are neighbors). We will show that 
(a short wall-crossing functor) is an equivalence. 

We will prove a stronger result. Let z/, z/' -w z/q. Let gjjR, , denote the cross-walling 
functor ^ 

Lemma 7.13. is an equivalence, then so is 

The claim that is an equivalence will follow: thanks to (2) of Proposition 17.4( 

when z/, A are neighbors, the functor £211, , is the sum of Ringel dualities with various 
shifts. 


Proof of Lemma \7.13\ Recall that, according to (1) of Proposition 17.41 


(7.10) 


o A„. o £OT 




-u—^u' 5 




It follows that both £211*^,,/ respect the filtrations 


C C D\0.^{Axr)), 


where Z runs over the poset of the connected components of Recall, Lemma 

E21 that D'^{0,,{Ax+)^^^z) is a full subcategory in D^{0,y{A\+). Moreover, the associ¬ 
ated graded categories are just D’^{Oi,{Ci,^{Ax+)), D^{Oiy'{Ci,Q{Ax+)) by Proposition 16.31 
It follows from fl7.10p that the functors D^{Oi,{Ciyg{Ax+)) W D’^{0,yi{C,^f^{Ax+)) induced 
by £2ITi,_).i,/, £2IJ*_,,,,/ are £211, , ,,,/. £211* , The latter are mutually quasi-inverse equiv¬ 
alences. So if £2ITi,_j.j,'(iF) = 0 for some K G D’^{0,^{Ax+)), then K = 0. Applying this 
for K being the cone of the adjunction morphism M —)■ £211*^,^/ o , we see 

that M £2IJ*_,.^/ o £2ITi,_j.j,/M. Similarly, we get that £2IJi,_j.j,/ o £2IT*^,,/A1 A- X. We 
conclude that £2ni,_j.iy/, £2II*_,.^/ are mutually inverse equivalences. □ 


7.7. Proof of Theorem 17.31 The following theorem is a crucial step in the proof of (and 
also a special case of) Theorem 17.31 

Theorem 7.14. Let z/. A, A' he three generic one-parameter subgroups forming a reduced 
sequence (in this order) such that A, A' are neighbors. Then ^ £2Il,y/^.y/' o 

£2IT^^^/. 
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A key step in the proof is the next proposition. Let P be a generic one-parameter 
subgroup that is a neighbor of v and such that the sequence P, v', v" is reduced (note 
that here we can have P = v'). Let z/i, z/2 be such that z/, P 1^2 and vi lies 

on the wall between z/, P, while z/2 lies on the wall between z/', u". Below we will write A 
instead of A\+. 

Proposition 7.15. For M e D’^{Op{Cy^{A))), N G D^{Ou"{Cy 2 {A))), the natural homo¬ 
morphism 

(7.11) Hom^(A,,(M), ^ Hom^(A,,(M), ,,{N)) 

is an isomorphism. 

We will give a proof of Proposition 17.151 after a series of auxiliary results. 

We start by giving an alternative interpretation of the homomorphism fl7.11l) . Below 
we identify all categories D’^^Ou^A)) with DQ,{A-m.o(F) so that the functors z.^ become 
the inclusions. So we will omit the functors ii, and get functor morphisms z,i —)■ id. 

Lemma 7.16. For M G (.4,-mod), A G (4.-mod), there are bifunctorial iso¬ 
morphisms 

Hom^6(^_j^od)(47, A) ^ Hom^6(^_j^od)(47, CQU^^^^A), 

Hom^6(^_j^od)(47, z,*,A) ^ Hom^6(^_^od)(47, (2:2IJ*^^,(£2IJ*,^^„A) 

making the following diagram commutative 

Homo6(^_mod)(^,C^) " Hom^6(_4_^od)(^,^) 


Homo6(^_„,od)(^,‘2:2n*^^A2n*,^^»A) " Hom^6(_4_n,od)(^,^2n;)^^„A) 

The proof is straightforward. 

Consider the 4,-Ci,^(4.)-bimodule := A/AAF^’'^^ and the Cj,2(.4)-4,-bimodule B^ := 
A /so that Ai,^(«) = B^ • and = AHomc^2(A)('S^) •); by Lemma 

16.111 Set Q := B'^ ®^B^. This is an object in D’^{Cy.^{A) ® C,^^(4,)°^^-Mod) (the notation 
“Mod” stand for the category of all modules). 

Let denote the inclusion Zl^(C>,^/(Cy2(M))) = Dq ,(€^2(4.)-mod) Zl^(Cj,2(M)-mod). 
So we get the right adjoint functor t*, : D’^{Cy.^{A) -mod) —)■ Dq ,(Ci,2(M) -mod). Also we 
consider the homological duality functor D .: il^(Cj,j(M)-mod) ^ (M)°^^-mod). 

Lemma 7.17. For M G Zl0^(Cj,^(M)-mod), A G ^^(Ci,2(M)-mod), there are bifuncto¬ 
rial isomorphisms 

Homo6(_4_jnod)(^i^i(4f), V,y2(^)) ^ Hom£)6(c^2(^)0c,.^(A)°pp-Mod)(Q, N Kl D_M), 

Hom£,6('_4_]viod)(A,,j(M), z.*,Vy2(A)) A- Hom£)6(c^2(A)®c^i(/i)°pp-Mod)(2Ay'(-^) Kl AM) 
making the following diagram commutative 
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Hom,..(Q,i*,(iV) KDM) -- Rom„XQ, N M DM) 

Proof. First of all, there is a functor isomorphism o Lt/ ^ C' ° '^’^2 intertwining the 
morphisms VyjOLy/j Vi/j —t Vi/j- This was established in the proof of (1) of Proposition 
17.41 (recall that on Dq^{A- mod) the functor t*, coincides with £211*^^/ and a similar claim 
holds for t*,). 

The claim of the lemma is now a consequence of the following bifunctorial isomorphisms 
(and similar isomorphisms with N replaced with lI,N) 

Hom^6(^_^od)(A^i(M), V^2(^)) = 

Hom^6(^_^od)(^^ Tf,7?Homc,^(^)(S^iV)) = 

Hom^6(c^^(^)_Mod)(Q M,N) = 

Hom^6(c^^(^),g,c,,^(^)opp-Mod)(Q, N Kl DM). 

□ 

Now we will need to get some information about Q G D^^C^^^A) <8) Ci^^(^)°PP-Mod). 
Lemma 7.18. We have H,{Q) G Ou'{^u 2 {~^)) ^ Ou(C^.^(A)^^^). 

Proof. The proof is in several steps. 

Step 1. Note that both bimodules and BS are weakly T-equivariant. So H,{Q) is 
weakly T-equivariant as well. Let us check that the numbers (z/i, a), —(z/ 2 , «) are bounded 
from above for all T-weights a appearing in H,{Q). Let us prove this claim for {ui, a), the 
proof for —(P 2 ,a) is similar. Recall that B^ = A/AA^^''^^. Choose a projective weakly 
T-equivariant .4,-module resolution for BS'. We see that H,{Q) is also the homology of a 
complex whose terms are direct sums of several copies of B^ with twisted T-actions. Our 
claim follows. 

Step 2. Now let us check that H,{Q) is the union of objects in 
(7.12) 0A<^u2{A))^0,{C,Mm- 

Consider the action of (C^)^ on Cy.^[A) ® Cj,j(4,)°^^ by i/i x 1/2 so that the hrst copy of 
acts trivially on the second factor and vice versa. Since the numbers (z/i, a), —{v 2 i u) 
are bounded by above, we see that H,{Q) is the union of objects in 0,2ii^u2i^)) ® 
(P_i,2(C;yi(4,)°^^). The latter category coincides with 07.121) . This is because z/ and ui lie 
in one half-space with respect to the wall containing z/ 2 , and A, 1/2 also lie in one half¬ 
space with respect to the wall containing ui (it is here that we use our choice of the 
one-parameter subgroups involved). 

Step 3. Now we claim that each Hi{Q) is actually the direct sum of objects in 
07.12p . Set h := z/i — h' 2 - Note that all weight spaces for h in Hi{Q) are hnite di¬ 
mensional and the weights are bounded from above. Indeed, it is enough to check this for 
Torf(gr B'^ygiB^) because 

gr Tor^(i3^, S^) C Torf^'^°'(gri3^,gri3^). 
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Note that Torf (gr , gr ) is a finitely generated module over C [Xq] /C [Xq] (C [Xq] + 

C[X]^°’'^2). The eigencharacters of v on the latter are all non-negative. The zero eigenspace 
is easily seen to be finite dimensional. Since the algebra C[Xo]/C[Xo](C[Xo]^°’‘'i -|- 
is finitely generated, every eigenspace is finite dimensional. This shows that 
the weights of the fi-action on Hi{Q) are bounded from above and all eigen-spaces are 
finite dimensional. 

Let h denote the image of 1 under the quantum comoment map for the actions of vi — z/2 
on C^^{A) (8 The element h preserves the grading hence acts locally finitely 

on Hi{Q). For 2 ; G C,j G Z, let Hi{Q)[z,j] denote the generalized 2 ;-eigenspace for h in 
the component of degree j. So := Hi{Q)[z + j,j] is a submodule in Hi{Q) and 
Hi{Q) = 02gc^^- (4) of Lemma 10 , lies in (|7.12p . 

Step 4- To check that Hi{Q) lies in fl7.12p it is enough to show that 

dimHom^6(c^^(_4))^c^^(_4)opp_^^o(j)(Q,/[/c]) < oc 

for any indecomposable injective object I in fl7.12p and any integer k. Recall, Lemma 
17.171 that 

t*,X M DM) = Hom£)6(_4)(A,^j(M), Vu^{M)). 

The right hand side is finite dimensional. Now we remark that any indecomposable injec¬ 
tive in fl7.12l) is a product of the indecomposable injectives in the factors, this follows from 
Lemma 01 Both : D\0{C^^{A))) -» D\0^,{C^^{A))) and D ; D\0^{C^M))) ^ 
D^iOyiC^^ {A)°^^)) are equivalences. So any injective in fl7.12p has the form XKID(M). □ 

Proof of Proposition [7. 15] . We claim that the bottom row of the commutative diagram 
in Lemma 17.171 is an isomorphism. For this we note that both Q and if^,N Kl DM 
lie in D’^{Ou'{Ci,^{A) Kl Ou{Ci,-^{Ay^^)). Furthermore, on N Kl DM G O^/yC^y^^A)) Kl 
OyCi^yAy^^ , the functor i*, Kl id coincides (£21?* ., lEl id = (£2n *„/ the last 

equality holds thanks to Lemma 17.11 So the claim in the beginning of the proof fol¬ 
lows. □ 


Proof of Theorem First of all, we claim that, in the notation of Proposition 17.151 
the natural morphism o €W*,_^^„Viy 2 (-iy) —t £ 2 n*^^„Vt, 2 (X) is an isomorphism. 

Indeed, let C be the cone. Then, bv ProDositionl7.15l we have DHompo M)(A„,(Af),C) = 
0. Since all standard objects in Oy{A) are of the form Aj,j(M) we see that (7 = 0. 

Now the functor (LQIJ*,^^,, o (£2r?*_j.j,, —)■ £2n*^y„ is an isomorphism on all costandard 
objects in Oyii{A). So it is an isomorphism. □ 


Proof of Theorem |y.5| The part about the isomorphism of functors follows from Theorem 
17.141 and easy induction. The claim that £21?*^^, is an equivalence now follows from the 
existence of a maximal reduced decomposition and Lemma 17.131 □ 


8 . Appendix: comparison to [MO] 

In [MO] . Maulik and Okounkov gave a geometric construction of D-matrices. In this 
section we will argue that the cross-walling functors should be viewed as a categorical 
version of their construction. 
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8.1. Stable envelopes and Verma modules. Namely, let X be a conical symplectic 

resolution equipped with a Hamiltonian action of a torus T. We assume that T has hnitely 
many hxed points in X (although this is not required in |MO] ). Given a cocharacter z/, 
Maulik and Okounkov, |MO[ Section 3.5], constructed a map Stab^, : —)■ 

H^^^x{X) that becomes an isomorphism on the localized equivariant cohomology (here 

stands for the contracting torus). The map enjoys a certain transitivity property. 
Namely, pick z/q with u ^ z/q. Then we get maps Stabj,(, ; —>■ 

and Stab, , : ^ -f^TxCx following equality |MO[ 

Lemma 3.6.1]: Stab^, = Stab^^ o Stab,, . 

Following the original intuition of Okounkov, we would like to claim that the functor 
Ajx should be viewed as a categorical version of Stabi,. Namely, pick a generic co-character 
z> such that h ^ z/. We replace with Ou{Ax+),Ou{C^{Ax+)) 

so that we have an exact functor Aj, : Ou{Ci,{Ax+)) Ou{Ax+)- An analog of the 
claim that Stabj, is an isomorphism after localization is that Aj, lifts the equivalence 
Oj:,{C^{Ax+)) ^ gr Oj^{Ax+) (where the hltration is taken with respect to u), see Section 
16.41 Lemma [5.81 provides a transitivity result. 

8.2. R-matrices. Pick generic co-characters A, v. Maulik and Okounkov, |MOl Section 

4], dehned an automorphism of (A^^)ioc as Stab,^,^ o Stabj, (here and below 

•zoc := • G)c[ixc] C(t X C)). 

We could also consider the automorphism '■= Stab,^' o Stab~^ of (^)ioc- 

The transitivity result quoted in the last section implies that if z/, z/' z/q, then 

(8.1) Ry^^: = Stabj .0 o R^^^, o Stab"^ 

We would like to argue that the functor : D^{Oy{Ax+)) ^ D’^iC>yi{Ax+)) 

should be viewed as a categorical version of Ry^y'. A part of our reasons for this is 
Proposition 17.4[ Part (1) of that proposition should be viewed as a categorical analog of 
fl8.ip . To interpret part (2) of that proposition we note that using Stab^ we can dehne a 
basis in {X)ioc called the stable basis, it consists of the images of the classes of the 

hxed points. The map Ry^y/ intertwines the stable bases for u and A. In particular, the 
stable basis for —z/ should be viewed as the opposite to z/, and the map Ry^-y intertwines 
these two bases. Part (2) of Proposition 17.41 should be viewed as a categorical analog of 
this. 

By its very dehnition, the map Rv^y> satishes the braid relations, compare to |MO 
4.1.8]. A categorical analog of this is Theorem 17.31 

The map Ry^y' and the functor (tWy^yi share some further similarities. For example, 
using |MO[ Theorem 4.6.1], one can prove that Ry^yi commutes with the action of the 
convolution algebra of the Steinberg variety X x^o-A. On the other hand, it is not difficult 
to show that the functors (tWy^yi commute with the functors of taking derived tensor 
products with Harish-Chandra bimodules, compare to |BLPW] Section 8.3]. 

We do not know if the map Ry^y' itself has a categorical analog. 
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